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We studied the quantum dynamics of six dimensional N = (2, 0) superconformal field
theory (the QNG theory). We developed the spinor technique for six-dimensional quantum
field theories. By combining this technique with the canonical quantization procedure, we
can overcome the subtlety of the chiral nature of N = (2, 0) free tensor multiplet and work
out its quantum mechanical theory. We then studied the T2 compactification of the QNG
theory and argued that the resulting four dimensional quantum field theory is indeed the
N = 4 super-Yang-Mills theory with the SL(2,Z) duality coming from the mapping class
symmetries of T2. We also investigated the BPS self-dual string excitations by proposing
a CFT description to their world sheet theory. At last, we constructed the super-twistor
space P̂T that corresponded to the superconformal group U∗Sp(4|2,H) ⊂ OSp(8|4,C),
encoded the full free tensor multiplet into it and made some speculations on the possible
super-twistor formulation of the QNG theory.
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1. Introduction
The six dimensional N = (2, 0) superconformal quantum field theory – named as the
quantum non-Abelian gerbe (QNG) theory recently [1]– is an important but still mysterious
theory. This theory was originally found [2] by considering the Type-IIB superstring theory
at an A−D− E singularity of the K3 compactification. The QNG theory is believed to
be a well defined quantum field theory in high spacetime dimensions and can serve as a
starting point to understand the dynamics of various four-dimensional gauge theories (see
the references in [3][4]). In particular, theT2 compactification of it turns out to be the four-
dimensional N = 4 super-Yang-Mills theory with complex coupling constant τ determined
by the complex structure of T2, and the Montonen-Olive duality of the four-dimensional
N = 4 super-Yang-Mills theory [5] was interpreted as the SL(2,Z) transformations of
T2(for the simply-laced gauge groups) [2]. Besides, the QNG theory is also crucial for
M theory. This theory is believed to be the exact theory that controls the world volume
dynamics of almost coincident parallel M5-branes [6][7]. And, this theory is conjectured
to be the dual Matrix theory [8] describing M theory compactified on T4 [9]. Moreover,
the QNG theory is also the dual conformal field theory(CFT) of M theory on AdS7 × S4
[10] (see [3] for an introduction).
The QNG theory has many exotic but fascinating properties. Firstly, this theory
is in some certain senses unique. It is the unique superconformal quantum field theory
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that lives in maximum spacetime dimension (D = 6) with maximum supersymmetries –
according to Nahm’s classification to the superconformal algebra [11]. And it is expected
to be an isolated interacting fixed point theory of the six-dimensional renormalization
group flow (see, for example, [12]). The superconformal symmetry group of this theory is
U∗Sp(4|2,H) ⊂ OSp(8|4,C), where OSp(8|4,C) is the complexification of U∗Sp(4|2,H).
Secondly, the QNG theory is a chiral theory with the chiral supersymmetry N = (2, 0),
this chiral nature makes its Lagrangian description to be a quite subtle problem. In
fact, even in Abelian case an ordinary Lagrangian description for the tensor field H does
not exist 1. Thirdly, the theory’s non-Abelian nature introduces more subtleties to its
mysterious quantum dynamics. For example, after compactifying on T2, the theory’s
non-Abelian gerbe group G will become the non-Abelian gauge group G of the resulting
four-dimensional N = 4 super-Yang-Mills theory. Here, G must be the tensor product of
some simple laced Lie groups (in types as A−D− E) and some copies of U(1) group.
The purpose of the present paper is to try to develop a systematical method to ap-
proach the QNG theory. Our method is based on the union of four different elements.
The first two elements are based on a careful analysis to the superconformal symmetry
U∗Sp(4|2,H) ⊂ OSp(8|4,C) (and its chiral primary representations and operators), and
on a combination of the spinor method and the canonical quantization procedure. By
using this combination extensively, we can overcome the chiral nature of the free tensor
multiplet and get its quantum mechanical theory successfully.
The third element is to get a glance at the non-Abelian nature of the QNG theory,
by perturbing it down to four spacetime dimensions [1]. Our arguments go as follows:
Firstly, we deform the QNG theory to a generic point at the moduli space. We then
compactify the theory on a torus T2 and demonstrate explicitly that the Mantonen-Olive
dualities of the four-dimensional Abelian gauge theory come from the SL(2,Z) mapping
class symmetries of T2. We also show that the four dimensional superconformal symmetry
PSU(2, 2|4) ⊂ PSL(4|4,C) and its central extensions come from the T2 compactification
of U∗Sp(4|2,H) ⊂ OSp(8|4,C) and its central extensions. Especially, the BPS states which
become massless at the singularities of the moduli spaces of the two theories match. Thus,
we argued that the enhanced non-Abelian gauge symmetry of the four-dimensional theory
1 Nevertheless, the quantum mechanical theory of the Abelian gerbe theory does exist and a
beautiful approach to construct its partition function – by identifying the right theta function –
has been proposed [13].
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should be a manifestation of the corresponding non-Ablian nature of the QNG theory,
which is the conjectured connection between the QNG theory and the four-dimensional
N = 4 super-Yang-Mills theory.
The last element is to study the selfdual string excitations [14] and their tensionless
limits. After perturbing the QNG theory to a generic point of the moduli space. There
are self-dual string excitations which are coupled to the tensor multiplets. The tensions of
these self-dual strings are proportional to the expectation values of the scalars of tensor
multiplet. At the moduli space singularities, these self-dual strings become tensionless, the
interactions between these tensionless strings and the tensor multiplets may be the origins
of the non-Abelian nature of the QNG theory.
In the present paper, motivated by the elegancy of the spinor technique and the success
of the twistor-string theory [15][16][17] for the four-dimensional N = 4 perturbative super-
Yang-Mills theory, we try to unify the above four elements into a unique formulation of
the QNG theory in terms of the variables of T̂. Here, T̂ is the supertwistor space that
corresponds to the supergroup OSp(8|4,C). We constructed T̂ and studied the action of
the superconformal symmetry group OSp(2, 6|2) ⊂ OSp(8|4,C) on it. And we also made
some efforts to translate the information concerning the tensor fields and the self-dual
strings in spacetime to the related data in T̂. Finally, we argue that all the information of
the QNG theory can be appropriately encoded into the supertwistor space, although the
specific formulation is presently unknown to the author.
Our tentative approach may provide a supplement to the beautiful previous ones,
which include, for examples, the proposed Matrix theory description [18] for the discrete
light cone quantization (DLCQ) of the QNG theory, and the recent proposals [19] to
investigate the interactions between a free tensor multiplet and the selfdual strings.
The paper is organized as follows. In section 2, we study the superconformal algebra
of OSp(2, 6|2) ⊂ OSp(8|4,C) (see [20] for an investigation with ordinary spacetime indices)
and its chiral primary representations. Especially, we include a discussion to the spectrum
of scalar chiral primary operators and their dimensions/R-charges relationship [21] . We
present the quantum mechanical theory of the Abelian gerbe theory in section 3. At the
same section, we also calculate the quantum anomalies of the quantum Abelian gerbe
theory, with the results agreeing with known results. Section 4 is devoted to giving a first
look at the non-Abelian nature of the QNG theory by investigating the six-dimensional
origin of the four-dimensional N = 4 super-Yang-Mills theory in terms of the Hamiltonian
formalism. In section 5, we study the self-dual string excitations and their tensionless
limits. Section 6 towards a super-twistor formulation for the QNG theory.
3
2. Superconformal Algebra And Chiral Primary Operators
N = (2, 0) Superconformal Algebra
The N = (2, 0) six-dimensional superconformal field theory has a symmetry of super-
group U∗Sp(4|2,H) ≃ OSp(2, 6|2) whose bosonic part is Spin(2, 6)×Sp(2,H)R. Spin(2, 6)
is the two-fold covering of the conformal group SO(2, 6) of (1+5)-dimensional Minkowski
space W. Sp(2,H)R ≃ Spin(5)R is the R-symmetry group. And the fermionic generators
of OSp(2, 6|2) are in the (8, 4) representation of Spin(2, 6)× Sp(2,H)R.
One can view Sp(2,H)R as the intersection of SU(4)R and Sp(4,C), Sp(2,H)R ≃
SU(4)R ∩ Sp(4,C), where Sp(4,C) is the subgroup – which commutes with a symplec-
tic form ωAB – of the volume preserving automorphism SL(4,C) of a four-dimensional
complex space C4
R
. Thus, in the (4) representation, the generators of Sp(2,H)R can be
written as R(AB) = 1
2
(
RACω
CB + RBCω
CA
)
, where the traceless Hermitian matrixes RAB
are the generators of SU(4)R in fundamental representation. The isomorphism between
the (4) representation and its dual can be achieved by raising and lowing the indices with
ωAB and its inverse ωAB . The volume form ǫABCD of C
4
R
turns out to be an invariant of
Sp(2,H)R ⊂ Sp(4,C) and can be given as ǫABCD = 12 (ωACωBD − ωBCωAD).
One can decompose the conformal group SO(2, 6) as the direct product of (1+5)-
dimensional Lorentz group SO(1, 5) and the SO(1, 1) group generated by the dilation D.
Accordingly, the fermionic generators (8, 4) of OSp(2, 6|2) can be decomposed into the
Q-charges QαA and S-charges SαA, with
i[D,QαA] = +
1
2
QαA,
i[D,SαA] = −1
2
SαA.
(2.1)
Clearly, QαA transforms as a chiral spinor of Spin(1, 5) and SαA transforms as an anti-chiral
spinor.
Now, we’d like to recall some familiar properties of the spinors of (1+5)-dimensional
spacetime. Firstly, the complexification Spin(6,C) of the Lorentz group Spin(1, 5) has the
four dimensional chiral spinor and anti-chiral spinor representations, denoted as S+ and
S−. Secondly, S+ and S− are dual to each other. Thus, given a chiral spinor λα ∈ S+
and an anti-chiral spinor µα ∈ S−, one can form an invariant
(µ, λ) = µαλ
α. (2.2)
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Here, we have used the superscription α to label the indices of the spinor in S+, and
the subscription α to label the indices of the spinor in S−. Finally, by noticing that
Spin(6,C) ≃ SL(S+) = SL(4,C), one can impose a real structure τ on S+ to get the
real form Spin(1, 5) ≃ SL(2,H). The condition can be explicitly written as, τO = Oτ ,
where the real structure τ is represented as a skew matrix ταβ that satisfies τ
2 = −1, and
O = exp( 12θ), θ =
1
2θµνγ
µ ∧ γν , is an arbitrary element of Spin(1, 5). Here, γµ are the
bases of the (1+5)-dimensional Clifford algebra, γµ ∧ γν = 12 (γµγν − γνγµ), and θµν are
the parameters of the Lorentz group Spin(1, 5) ≃ SL(2,H).
One can then pick up a real structure τ̂ on the definition super vector space
C8|4 = (S+, S−,C4
R
) of the complexified superconformal group OSp(8|4,C). τ̂ acts on
the fermionic generators QαA and SαA as follows (the symplectic-Majorana-Weyl condi-
tions)
QαA = τ
α
βωABQ
βB
SαA = τ
β
α ωABS
B
β ,
(2.3)
where τ βα is the inverse of τ
α
β .
Some further relationships between the representations of Spin(6,C) will be helpful for
us. Firstly, one recalls that the vector representation VC of Spin(6,C) can be constructed
as the wedge product of two chiral (or anti-chiral) spinors VC ≃ S+ ∧S+ (VC ≃ S− ∧S−).
Thus, an arbitrary Spin(6,C) vector Aµ (or Aµ) can be rewritten as A
αβ (or Aαβ), with
Aαβ = γαβµA
µ, Aαβ = Aµγ
µ
αβ (the αβ superscriptions of γ
αβ
µ and the αβ subscriptions of
γµαβ both are antisymmetric), where γ
αβ
µ are the gamma matrices that map the anti-chiral
spinors to the chiral spinors, γµαβ are gamma matrices that map chiral spinors to anti-chiral
spinors, and the six-dimensional Clifford algebra is realized as {γαξµγνξβ + γαξνγµξβ} =
2δαβηµν , where ηµν is the metric of (1+5)-dimensional Minkowski space W with signature
(+−−−−−). Further more, from the volume form of SL(4,C) ≃ Spin(6,C), one has two
natural Spin(6,C) invariant tensors ǫαβγδ and ǫ
αβγδ, which are just the spinor notational
correspondences of the metric tensor ηµν and η
µν , respectively. Hence, one can lower and
raise the spinor indices of an arbitrary Spin(6,C) vector by using ǫαβγδ and ǫ
αβγδ. For
examples, Aαβ =
1
2 ǫαβγδA
γδ, Aαβ = 12 ǫ
αβγδAγδ, and ηµνA
µAν = (1/4)AαβA
αβ.
The Q−Q anti-commutators and the S − S anti-commutators of the superconformal
algebra can now be written as
{QαA, QβB} = ωABPαβ
{SαA, SβB} = ωABKαβ ,
(2.4)
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where Pαβ = Pµγαβµ are the translations, and Kαβ = Kµγ
µ
αβ are the special conformal
transformations. One can also write out the P− S and K−Q commutators
i[Pαβ, SγA] = Q
α
Aδ
β
γ −QβAδαγ
i[Kαβ , Q
γ
A] = SαAδ
γ
β − SβAδ γα .
(2.5)
Clearly, Pαβ are the operators with conformal weight 1 and Kαβ are the operators with
weight −1, that is i[D,Pαβ] = Pαβ and i[D,Kαβ ] = −Kαβ . τ̂ naturally acts on Pαβ and
Kαβ as P
αβ = ταγτ
β
δP
γδ
and Kαβ = τ
γ
α τ
δ
β Kγδ.
The other nontrivial commutators or anti-commutators of the superconformal algebra
involve the generators Jµν of the Lorentz group Spin(1, 5). In terms of the spinor notations,
one get a traceless matrix Jαβ which acts on the chiral spinor space S
+ as Jαβ =
1
2Jµν(γ
µ∧
γν)αβ. The real condition that should be imposed on J
α
β is obvious. The conformal weight
of Jαβ is zero, which means that [D, J
α
β ] = 0. The P−K commutators can be given as
i[Pαβ,Kγξ] = δ
α
γJ
β
ξ − δβγJαξ + δβξJαγ − δαξJβγ − δαβγξD, (2.6)
where δαβγξ =
1
2(δ
α
γδ
β
ξ − δβγδαξ). And the J −K commutators are i[Jαβ ,Kγξ] = δαγKβξ −
δαξKβγ . Other commutators involving J
α
β form the familiar algebra of (1+5)-dimensional
Lorentz group.
Since QαA and SαA transform as the chiral and anti-chiral spinors of Spin(6,C) ≃
SL(4,C), one has i[Jαβ , Q
γ
A] = δ
γ
βQ
α
A and i[J
α
β , SγA] = −δαγSβA. The Q − S anti-
commutators can now be written as
{QαA, SβB} =
1
2
Jαβ − iδαβ
(
1
2
ωABD − R(AB)
)
, (2.7)
where the relative factors of the various terms of the right hand side may be fixed by using
the Jacobi identities.
Chiral Primary Operators
One can organize the local operators of the QNG theory as various irreducible rep-
resentations of the superconformal group OSp(2, 6|2). This may be achieved by perform-
ing the radial quantization, classifying the quantum states according to their different
OSp(2, 6|2) symmetries, and then using the state-operator correspondence of conformal
field theory to map these states to their corresponding operators. In some details, one
continues the (1+5)-dimensional theory from the Minkowski space W to a six-dimensional
6
Euclidean space R6, the superconformal group is then rotated to OSp(1, 7|2). One then
pick out a point ofR6 as the origin and cut out a tiny hole of infinite small radius around it.
This procedure breaks the conformal symmetry Spin(1, 7) into Spin(1, 1)× Spin(6), where
Spin(1, 1) is the group of the dilations along the radial direction and Spin(6) is the rotation
group around the origin. Finally, one takes the generator of Spin(1, 1) as the Hamiltonian,
quantizes the theory along the radial direction, and constructs the Hilbert space on S5
surrounding the origin. State-operator correspondence tells us that an operator inserted
at the origin will create a quantum state in the Hilbert space, and inversely, the shrinking
of a given state on S5 (into the origin) will define an operator at the origin. And in the
present paper, with the hope of not confusing the reader, we’ll use the same notations to
denote the generators of OSp(2, 6|2) and the generators of OSp(1, 7|2). Thus, D is used to
denote the Hamiltonian in the radial quantization. And, since what we are considering is
a unitary quantum theory, Kαβ and S
A
α are the Hermitian conjugations of P
αβ and QαA.
In radial quantization, by repeatedly acting the raising operators QαA, P
αβ on the
state of highest weight (superconformal primary), which is annihilated by the lowering
operators SAα, Kαβ , one can construct the full superconformal module associating with
the primary state. Some of the states of the superconformal module are Q descendants
only, but not P descendants. These states are conformal primaries of the conformal group
Spin(2, 6). By using the state-operator correspondence, the superconformal primary states
will be mapped to superconformal primary operators, and the conformal primaries will be
mapped to conformal primary operators.
For the ordinary superconformal small representations, at least 8 of the 16 Q-charges
will annihilate the superconformal primary state. Hence, these representations include 28 =
256 conformal primaries at most. The primary operators of these small representations
are called chiral primary operators. A special property of chiral primary operators is that
their conformal weights are uniquely determined by their R-symmetries.
Both the R-symmetries of the scalar chiral primary operators for the QNG theory
and their dimensions/R-charges relationship are well known, and can be determined as
follows. One considers a scalar chiral primary operator O(n1,n2), which transforms as the
representation of Sp(2,H)R with highest weight (n1, n2), where n1, n2 ≥ 0 are integers.
We denote the correspond state of O as |ψO〉. By using the algebra (2.7), one then has
〈ψO|SAβQαB|ψO〉 = −i
(
1
2
ωAB∆O − 〈ψO|R(AB)|ψO〉
)
δαβ , (2.8)
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where ∆O is the eigenvalue of operator D on |ψO〉 (the dimension of the chiral primary
operator O). The right hand side of (2.8) tells us that the Sp(2,H)R weight of O(n1,n2) is
(n1 − 12∆O, n2 − 12∆O). For chiral operator, this weight must vanish since some combina-
tions of QαA will vanish the left hand side of (2.8). Thus, we arrive at the conclusion that
the nontrivial scalar chiral primary operators must be in the (n, n), n ≥ 1 representations
of Sp(2,H)R, and the dimensions of these operators are given as [21]
∆O = 2n. (2.9)
On the other hand, for G = U(N) case, one can combine the predictions, to the
spectrum of chiral primary operators, of the AdS7 × S4/CFT6 correspondence and of
the DLCQ description of SU(N) QNG theory [18], which will tell us that the scalar
chiral primary operator O(n), 1 ≤ n ≤ N falls into the n−th order symmetric traceless
irreducible representation of SO(5) with conformal weight ∆O = 2n. These results agree
with the results of the above paragraph, since SO(5) ≃ Sp(2,H)R/Z2 and the fundamental
representation of SO(5) is identical to the (1, 1) representation of Sp(2,H)R.
We now consider two notable examples of O(n) with n = 1 and n = 2, in some more
details. In these cases the small representations are even more shorter. For the n = 1
case. O(1) and its descendants form the free tensor multiplet of N = (2, 0) superalgebra,
which takes value in the decoupled diagonal U(1) part of U(N). This free tensor multiplet
consists of a scalar fields ΦAB , four chiral fermions ΨαA, and a self-dual tensor H
(αβ), where
the primary operator ΦAB takes the (1, 1) representation of Sp(2,H)R ≃ Spin(5)R, ΨαA
and H(αβ) are the Q-descendant and Q2 descendant of ΦAB, respectively. More properties
of these fields and their descendants will be discussed in next section, explicitly.
The free tensor multiplet is itself a somewhat subtle theory for its chiral nature. On
the other hand, the quantum Abelian gerbe theory – consists of several copies of free tensor
multiplet – is the IR effective theory of the QNG theory at a generic point of the moduli
space. Thus, in a certain sense the free tensor multiplets can be viewed as one of the two
elements of QNG theory – the other elements may be the self-dual strings. And before
going into QNG theory, we will firstly work out the quantum mechanics theory of the free
tensor multiplet in section 3.
For the n = 2 case. The chiral primary operators T (AB,CD) have conformal weight
4, where the AB (and CD) are antisymmetric, while between the pairs of AB and CD
are symmetric. And the traceless condition imposes constraint T (AB,CD)ǫABCD = 0.
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These operators are the only relevant deformations of the interacting QNG theory and
they preserve some of the supersymmetries. The associated representation is ultra short
since its conformal primaries are descendants of T (AB,CD) with no more than five-raising
operators Q. The bosonic conformal primaries include the R-symmetry currents JR
αβ
(AB) =
JR
µ
(AB)γ
αβ
µ of the QNG theory, the currents J
(αβ)
AB =
1
3!J
µνρ
AB(γµ ∧ γν ∧ γρ)(αβ) of self-
dual strings which satisfy J
(αβ)
AB ω
AB = 0, and the energy-momentum tensor T (αβ,γδ) =
1
2T
µν(γαγµ γ
βδ
ν +γ
βγ
ν γ
αδ
ν ) of the QNG theory. J
αβ
R,(AB) and J
(αβ)
AB are dimension five operators.
They are Q2 descendants of T (AB,CD). And the dimension six operators T (αβ,γδ) are Q4
descendants of T (AB,CD). All these operators should commute with appropriate action of
the real structure τ̂ .
The Moduli Space
A general QNG theory is an intrinsically strong interacting conformal field theory–
with superconformal group OSp(2, 6|2) that we have studied. The theory has a rank r
gerbe group G, which is in type of A−D− E series of the Lie groups. QNG theory lies
on the singularity points of the moduli space Mr.
Mr is isomorphic to the WG orbifold R5r/WG of R5r, where WG is the Weyl group
of G. Locally, Mr can be parameterized by the vacuum expectations of the scalars ΦAB
that take values in the Cartan subalgebra of the Lie algebra of G. And globally, Mr
should be parameterized by the vacuum expectations of scalar chiral primary operators
O(n), 1 ≤ n ≤ r that we have studied.
The singularity ofMr, that defines the QNG theory, deserves some extra treatments.
There, arguably, the vacuum expectations of O(n) should vanish. This vanishing is due to
their positive dimensions, which is guranteed by (2.9), since in a CFT only the dimension
zero operator can get the vacuum expectation.
One can perturb the QNG theory away from the singularity to a generic point of
Mr. This will break the non-Abelian group G down to their maximal torus TG ⊂ G.
Constrained by the sixteen-supercharges of the theory, the resulting low energy effective
theory, ignoring the high derivative corrections, will be described by r free tensor multiplets
of the N = (2, 0) supersymmetries, which form a quantum Abelian gerbe theory with
Abelian gerbe group TG. This theory is a free field theory with superconformal group
OSp(2, 6|2).
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3. Quantum Abelian Gerbe Theory
We now turn to investigate the quantum mechanics of the Abelian gerbes, which is one
of the crucial elements of the QNG as we have argued in section 2. There are two subtleties,
one is the unconventional and somewhat complicated kinematics due to the unusual high
spacetime dimensions, the other is the lack of an ordinary Lagrangian description for the
theory due to its chiral nature.
We’ll overcome the first subtlety by intensively utilizing the spinor techniques (A par-
allel spin-helicity technique has been developed and apply to the calculation of scattering
amplitude of the six-dimensional Yang-Mills field [22] .). This technique will be developed
in the classical field theory context firstly, and will then be applied to the quantization of
the tensor multiplet. The overcoming of the second subtlety is by utilizing the Hamiltonian
formalism which has been used to the quantization of the free tensor multiplet by [23][24].
In this section, we’ll show that, by combining the spinor technique with the Hamilto-
nian formalism, the quantum mechanical theory of the tensor multiplet will be elegantly
worked out. As an illustration, we’ll calculate the OPE of the fields in the tensor multiplet.
We’ll also calculate the anomalies of the tensor multiplet, compare the results with the
well known results from using other methods and find agreements.
We’ll mainly focus on the case of one free tensor multiplet. The generalization to the
full r tensor multiplets associated with the maximal torus TG ⊂ G will be addressed in
the last subsection of the present section, where we also try to get an understanding –
from the field theory viewpoint– of the somewhat mysterious A−D− E classification of
the QNG theory.
3.1. The Classical Theory Of The Tensor Multiplet
The Tensor Multiplet
As we have mentioned in the last section, each tensor multiplet [25] of the N =
(2, 0) supersymmetries contains, one antisymmetric two-form field B 2 with self-dual three-
form strength H = dB, with ⋆H = H, four symplectic-Majorana-Weyl fermions ΨαA that
transform as S+ ⊗ SR = (4, 4) representation under Spin(1, 5)× Sp(2,H)R ⊂ SL(4,C)×
2 In terms of mathematical language, such a field B is named as a connection of a gerbe [26].
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Sp(4,C), and five scalars ΦAB with antisymmetric superscripts A,B. The fermions Ψ
α
A
should satisfy the real condition,
ΨαA = τ
α
βωABΨ
βB
. (3.1)
One can see that (3.1) is the natural extension of the real structure τ̂ on the configuration
space of the fields. To see this point explicitly, one defines the appropriate action of τ̂
on ΨαA as τ̂(Ψ)
α
A = τ
α
βωABΨ
βB
. Clearly, (3.1) just means that ΨαA commute with τ̂ ,
ΨαA = τ̂(Ψ)
α
A. The real structure τ̂ can also be naturally acted on the self-dual tensor
H(αβ) and the scalars ΦAB by imposing the real conditions
H(αβ) = ταγτ
β
δH
(γδ)
ΦAB = ωACωBDΦ
CD
.
(3.2)
Since ΦAB transform as a direct sum (1)⊕ (5) of the (1) and (5) dimensional rep-
resentations of Sp(2,H)R, thus to describe the five scalars of the tensor multiplet, one
should impose a further condition to project the (1) representation out. This condition is
ΦABω
AB = 0.
In terms of the spinor notation, self-duality means that H can be described as a chiral
field H(αβ) with symmetric superscripts α, β, H(αβ) = H(βα). The connection between the
spinor notation H(αβ) and the ordinary expression of the self-dual three-form is through
H(αβ) = 13!Hµνρ(γ
µ ∧ γν ∧ γρ)αβ, where γµ ∧ γν ∧ γρ denotes the totally antisymmetrical
product of γµ, γν and γρ.
The connection B of the self-dual gerbe field H can now be written as Bαβ, with B
α
β =
1
2
Bµν(γ
µ∧γν)αβ. H(αβ) can then be given as H(αβ) = ∂αγBβγ+∂βγBαγ , where the partial
differential operator ∂αβ = ∂/∂xαβ. Here, xαβ are the spinor notations of the spacetime
coordinates xµ, with xαβ = xµγ
µ
αβ satisfying xαβ = τ
γ
α τ
δ
β xγδ. The self-duality of H
(αβ)
means that Bαβ should satisfy ∂αγB
γ
β + ∂βγB
γ
α = 0. And the gauge transformations
B → B + dA is now Bαβ → Bαβ +
(
∂αγAβγ − 14δαβ∂γδAγδ
)
, where Aαβ = Aµγ
µ
αβ.
Under the action of the supersymmetry transformation ǫAαQ
α
A, the component fields
of the N = (2, 0) tensor multiplet transform as
δΦAB =
(
ǫAαΨ
α
B + ǫBαΨ
α
A −
1
2
ωABǫ
C
γΨ
γ
C
)
δΨαA = ǫ
B
β
(
1
2
H(αβ)ωAB + ∂
αβΦAB
)
δH(αβ) = ǫAγ
(
∂αγΨβA + ∂
βγΨαA
)
,
(3.3)
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where the infinite small fermionic parameters ǫAα satisfy the real conditions ǫ
A
α =
ωABτ βα ǫβB . From (3.3) one can explicitly see that Ψ
α
A is the Q-descendant of ΦAB,
H(αβ) is the Q2-descendant of ΦAB, and the descendants with more than two Q charges
acting are not conformal primaries, just as we have mentioned in last section.
A kind of super-coordinates expressions of the supersymmetrical transformations will
be suggestive. Thus, we’d like to present it in this paragraph, although there are no
superspace formulation for the QNG theory known to the author. To do this, one can take
the super-coordinates of the (1+5)-dimensional N = (2, 0) superspace as (xαβ, θ
A
α), where
θAα are the fermionic coordinates that satisfy the real conditions θ
A
α = ω
ABτ βα θβB. On
the operators defined on the superspace, the translations Pαβ now act as the differential
operators i∂αβ, and the Q-transformations act as fermionic differential operators
QαA =
∂
∂θAα
+ θAξ
∂
∂xαξ
. (3.4)
Dirac Equation And Kinematics In (1+5)-Dimensional Spacetime
To simplify the kinematics associated with the classical or quantum mechanical theory
of the N = (2, 0) tensor multiplet, we’ll start to develop the spinor techniques in this
subsubsection by studying an auxiliary Dirac equation
∂αβΨ
β(x) = 0. (3.5)
Besides the application to N = (2, 0) tensor multiplet, the same technique may also be
useful to many other field theories defined in (1+5)-dimensional spacetime.
To analyze the solutions, we Fourier transform (3.5) to an algebraic equation defined
on momentum space
pαβΨ
β(p) = 0, (3.6)
where pαβ = pµγ
µ
αβ. By using the Clifford algebra, one has p
αγpβγ = δ
α
βp
2. Hence,
(3.6) implies p2Ψα(p) = 0, which means that the wave function Ψα(p) must support on
the light cone LC : pαβp
αβ = 0. We denote the maximal compact subgroup of Spin(1, 5)
that preserves the light-like vector pαβ as Wp (the little group). Clearly, Wp ≃ Spin(4) ≃
SU(2)× SU(2). To classify the solutions of the Dirac equation, we shall use the maximal
torus Hp = U(1) × U(1) of Wp to label helicities. The two solutions λα(p), λ˜β(p) of (3.6)
have helicities ( 12 , 0) and (−12 , 0), respectively, which means that under eiθ × eiϕ ∈ Hp
λα(p)→ ei 12 θλα(p), λ˜α(p)→ e−i 12 θλ˜α(p). (3.7)
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Here, the convention is for positive energy waves, the helicities of negative energy waves
are reverse to it.
It is now possible to represent the light-like momentum pαβ in terms of the wave
functions λα(p) and λ˜α(p) (by noticing that VC = S
+ ∧ S+), with
pαβ = 2(λα(p) ∧ λ˜β(p))
=
(
λα(p)λ˜β(p)− λβ(p)λ˜α(p)
)
.
(3.8)
The null condition p2 = (1/4) 12ǫαβγδp
αβpγδ = 0 of the light like vector is satisfied, obvi-
ously. To see that (3.8) fulfills the Dirac equation (3.6) with plane-wave solutions λα(p)
and λ˜α(p), one rewrites (3.6) as
pαβ ∧Ψγ(p) = p[αβΨγ](p) = 0. (3.9)
Since p[αβΨγ](p) = 0 ⇔ ǫαβγδp[αβΨγ](p) = 0 ⇔ pγδΨγ(p) = 0, the equivalence between
(3.9) and (3.6) follows. Obviously, (3.8) satisfies (3.9). Hence, pαβλ
β = pαβ λ˜
β = 0.
Now, given some λα and λ˜β , the corresponding light-like momentum pαβ is automat-
ically fixed through the following equation
pαβ = 2(λα ∧ λ˜β), (3.10)
where – noticing the real condition pαβ = ταγτ
β
δp
γδ satisfied by real momentum – λ˜α is
the complex conjugate of λα, with λ˜α = ταβλ
β
. Conversely, given the light-like momentum
p, λ and λ˜ cannot be specified through (3.10) only. The additional information needed is
equivalent to a choice of the plane wave solutions of the chiral Dirac equation (3.9) (or its
equivalent form (3.6)), as we have seen.
In fact, one needs to view λα (and λ˜α) as the elements of vector bundle over the
space of light-like momentum, and view pαβ → (λα(p), λ˜β(p)) as the promotion of pαβ,
with (3.10) being satisfied. This promotion can be related to the second Hopf fibration
S7 → S4. To see this connection, one picks a time direction ιαβ with ι2 = (1/4)ιαβιαβ = 1
and keeps the time component p0 of p fixed, where p0 = p · ι = (1/4)pαβιαβ . Then, all the
null momentums along different spatial directions and with fixed |~p| = p0 will form a S4.
Correspondingly, the space of possible chiral spinors are determined by 12 ιαβλ
α ∧ λ˜β = p0
modulo a scaling λ → tλ, λ˜ → t−1λ˜, where t ∈ C∗. This determines a quadratic surface
S7 in the complex four-dimensional space S+ of chiral spinors. Equation (3.10) then gives
us the Hopf map from S7 to S4.
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These discussions can be summarized as follows. Firstly, one Fourier transforms (3.9)
to the coordinates space, and gets an equivalent form of the conventional chiral Dirac
equation (3.5),
∂[αβΨγ](x) = 0. (3.11)
One can then see that the two plane-wave solutions of (3.11) with the same momentum
pαβ and opposite helicities can be chosen as
λα exp (i
1
2
xαβλ
α ∧ λ˜β),
λ˜α exp (i
1
2
xαβλ
α ∧ λ˜β).
(3.12)
Obviously, the momentum pαβ and λα, λ˜α are connected through pαβ = 2(λα ∧ λ˜β).
Classical Field Theory and Plane Waves
Now, we start to study the classical field theory and plane wave expansions of the free
N = (2, 0) tensor multiplet by utilizing the kinematics that we just studied. To study the
classical theory of tensor multiplet, all we need to do is to solve the equations of motion
of various component fields ΦAB, Ψ
α
A, and H
(αβ). These equations are ∂αβ∂
αβΦAB = 0,
∂αβΨ
β
A = 0, and ∂αγH
(γβ) = 0, respectively.
We begin from ΦAB(x) which satisfies the Klein-Gordon equation
∂αβ∂
αβΦAB(x) = 0. (3.13)
By Fourier transforming this equation to momentum space and noticing that p2δ(p2) = 0
(δ(x) is the Dirac delta function), one can solve (3.13) as
ΦAB(x) = (2π)
∫
p
δ(p2)
(
φAB(p)
2zp
+
φ˜AB(p)
2zp
)
, (3.14)
where zp = exp(ip · x) is the plane wave with momentum p propagating along spacetime
W (the form of (3.14) suggests that field ΦAB may be appropriate continued to the com-
plexification of W), the integration
∫
p
over momentum space is given by
∫
d6p/(2π)6, and
the Lorentz invariant factor δ(p2) is inserted to restrict the integration on the light-cone
LC = L
+
C ∪ L−C , which is the union of positive patch L+C (p0 > 0) and negative patch
L−C (p
0 < 0). The real conditions (3.2) can then be satisfied by identifying the amplitude
φAB(p) with the amplitude φ˜AB(p) through
φ˜AB(p) = ωACωBDφ
CD
(p). (3.15)
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And the condition ΦAB(x)ω
AB = 0 can be fulfilled by requiring φAB(p)ω
AB = 0.
Moreover – noticing the specific form of the plane wave zp = exp(ip · x) on spacetime
W – one should identified the modes φAB(−p) on L−C with the modes φ˜AB(p) on L+C
and viceversa, φAB(−p) = φ˜AB(p), φ˜AB(−p) = φAB(p), where p ∈ L+C . Hence, on real
spacetime W, (3.14) can be rewritten as more familiar form
ΦAB(x) = (2π)
∫
p∈L+
C
(
φAB(p)e
−ip·x + φAB(−p)eip·x
)
, (3.16)
with splitting positive frequency part and negative frequency part.
We now turn to the equation of motion of ΨαA, which can be written as
p[αβΨ
γ]
A(p) = 0. (3.17)
This equation is equivalent to pαβΨ
β
A(p) = 0 with the same reason that has been explained
in last subsubsection. Equation (3.17) have four solutions uαA(p) with helicity (+
1
2 , 0)
and four solutions u˜αA(p) with helicity (−12 , 0), both uαA(p) and u˜αA(p) transform as (4)
representation of Sp(2,H)R.
Clearly, after promoting the light-like momentum pαβ to λα and λ˜α with pαβ =
2(λα ∧ λ˜β), wave functions uαA(p) can be factorized as, uαA(p) = λαΨ+A. Wave function
u˜αA(p) can be likewise factorized as u˜
α
A(p) = λ˜
αΨ˜−A. One can then expand Ψ
α
A(x) as
ΨαA(x) = (2π)
∫
p
δ(p2)
[
(λαΨ+A + iλ˜
αΨ−A)/(2zp) + (λ˜
αΨ˜+A + iλ
αΨ˜−A)/(2zp)
]
, (3.18)
where Ψ˜+A(p) can be set as Ψ˜
+
A(p) = ωABΨ
B
+(p) and Ψ˜
−
A(p) can be set as Ψ˜
−
A(p) =
ωABΨ
B
−(p), to fulfill the real conditions (3.1).
Obviously, one can separate the free field ΨαA as a helicity +
1
2
part Ψα+A plus a helicity
−12 part Ψα−A , with ΨαA(x) = Ψα+A (x) + Ψα−A (x). Here,
Ψα+A (x) = (2π)
∫
p
δ(p2)λα(p)
(
Ψ+A(p)
2zp
+ i
Ψ˜−A(p)
2zp
)
Ψα−A (x) = (2π)
∫
p
δ(p2)λ˜α(p)
(
i
Ψ−A(p)
2zp
+
Ψ˜+A(p)
2zp
)
.
(3.19)
The real condition (3.1) now means that Ψα+A (x) and Ψ
α−
A (x) are complex conjugate to
each other, with Ψα+A (x) = τ
α
βωABΨ
βB
− (x).
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In separating the positive and negative energy modes of the fields Ψα+A and Ψ
α−
A ,
one should make use of the relationships of Ψ+A(−p) = Ψ˜−A(p), Ψ˜−A(−p) = −Ψ+A(p) and
Ψ−A(−p) = −Ψ˜+A(p), Ψ˜+A(−p) = Ψ−A(p), where p ∈ L+C . Here, we have used λα(−p) =
iλα(p), λ˜α(−p) = iλ˜α(p) to preserve the relation pαβ = 2(λα ∧ λ˜β) under p → −p. One
can then have Ψα+A (x) = (2π)
∫
p∈L+
C
λα(p)[Ψ+A(p)e
−ip·x + iΨ+A(−p)eip·x], and Ψα−A (x) =
(2π)
∫
p∈L+
C
iλ˜α(p)[Ψ−A(p)e
−ip·x + iΨ−A(−p)eip·x].
Let’s turn to the equations of motion of chiral field H(αβ). We Fourier transform the
equation ∂αβH
(βγ)(x) = 0 to momentum space,
pαβH
(βγ)(p) = 0. (3.20)
By multiplying pδα to left hand side of (3.20) and using Clifford algebra, one can easily see
that the wave function H(αβ)(p) is supported on light-cone LC . Equation (3.20) has three
solutions, H
(αβ)
+ (p), H
(αβ)
0 (p) and H
(αβ)
− (p), labeled according to their different helicities.
Under eiθ × eiϕ ∈ Hp, these solutions transform as
H
(αβ)
+ (p)→ e+iθH(αβ)+ (p)
H
(αβ)
0 (p)→ H(αβ)0 (p)
H
(αβ)
− (p)→ e−iθH(αβ)− (p).
(3.21)
To employ the kinematic relation pαβ = 2(λα ∧ λ˜β), one first rewrites (3.20) as
p[αβH(γ]δ) = 0 (One can also transform this equation to coordinate space and get
∂[αβH(γ]δ) = 0). One can then appropriately factorize the wave functions as H
(αβ)
+ =
λαλβH+, H
(αβ)
0 = (λ
αλ˜β + λβ λ˜α)H0 and H
(αβ)
− = λ˜
αλ˜βH−.
We now can expand H(αβ)(x) as the summation of a helicity +1 field H
(αβ)
+ (x), a
helicity −1 field H(αβ)− (x) and a helicity 0 field H(αβ)0 (x). Here, H(αβ)+ (x) and H(αβ)− (x),
which should be complex conjugate to each other H
(αβ)
+ (x) = τ
α
γτ
β
δH
(γδ)
− (x) to fulfill the
real condition (3.2), are given by the expansions
H
(αβ)
+ (x) = (2π)
∫
p∈L+
C
λαλβ
(
H+(p)e
−ip·x +H−(p)e
ip·x
)
H
(αβ)
− (x) = (2π)
∫
p∈L+
C
λ˜αλ˜β
(
H−(p)e
−ip·x +H+(p)e
ip·x
)
,
(3.22)
and the self conjugate part H
(αβ)
0 (x), with H
(αβ)
0 (x) = τ
α
γτ
β
δH
(γδ)
0 (x), is given as
H
(αβ)
0 (x) = (2π)
∫
p∈L+
C
i
(λαλ˜β + λβ λ˜α)
2
(
H0(p)e
−ip·x +H0(p)e
ip·x
)
. (3.23)
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3.2. The Quantum Theory Of Tensor Multiplet And OPE
The quantization of the free tensor multiplet is subtle due to its chiral nature. With
ΨαA and ΦAB, there is no problem, but – as is well known – an ordinary Lagrangian
description of H field is unavailable due to its self-duality3 One can understand this point
by noticing that there is no quadratic Lorentz invariant concerning chiral field H(αβ) only.
For this reason, we’ll adopt Hamiltonian formalism and perform canonical quantization to
the free tensor multiplet.
To present the Hamiltonian formalism, we pick out an arbitrary time-like Killing vector
ιαβ∂αβ, with ι
2 = (1/4)ιαβι
αβ = 1, take spacetime W as the form of W = R1 ×X , where
X is a five-dimensional spatial slice and R1 is the time direction generated by ιαβ∂αβ. The
associated Hamiltonian H of the system is then given by
H =
∫
X
T (αβ,γδ)ιαβιγδ, (3.24)
where T (αβ,γδ) is the energy-momentum tensor, which belongs to the n = 2 chiral primary
multiplet of OSp(2, 6|2) as we have discussed in section 2.
Canonical quantization is not an obvious Lorentz covariant procedure. Especially, it
depends on some time direction ιαβ chosen arbitrarily. But, we argue that the quantum
mechanical theory, got by canonically quantizing the free tensor multiplet, is in fact Lorentz
covariant, since the correlation functions and operator product expansions turn out to be
independent of ιαβ as one will see.
Now, we try to write out the energy-momentum tensor T (αβ,γδ) of the free tensor
multiplet, explicitly. Up to quadratic terms of H(αβ), T (αβ,γδ) must be given as T (αβ,γδ) ∼
c
2
(
H(αγ)H(βδ) −H(βγ)H(αδ)) + ......, where the normalization constant c will be fixed as
1/4π, and the ellipsis stands for the terms that concerning ΦAB(x) and Ψ
α
A(x) (these
terms are omitted since they are a little complicated and only contribute usual quadratic
terms – of ΦAB(x) and Ψ
α
A(x) – to H). One can check this expression by noticing the
symmetries of the indices of T (αβ,γδ) and the traceless conditions
T = T (αβ,γδ)ǫαβγδ = 0, (3.25)
3 With a single auxiliary scalar field, one can construct a Lorentz-covariant Lagrangian for-
mulation of the M5 brane effective action, see [27] . For a non-covariant M5-brane action in flat
D=11 superspace, see [28] . The Hamiltonian formulation was considered in [29] .
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which is enforced by the conformal invariance (But, as we’ll discuss, the Weyl rescaling of
the N = (2, 0) tensor multiplet is an anomalous symmetry, thus, for a general background
T is in general quantum mechanically non-vanishing. In that situations, the conformal
invariance will be destroyed.).
The full Hamiltonian of the free tensor multiplet can now be written as
H =
1
4π
∫
X
(
ιαβιγδH
(αγ)H(βδ) +ΨαA
~∂αβΨ
βA
)
+
1
16π
∫
X
(
ΠABΠAB − 1
4
~∂αβΦAB~∂αβΦAB
)
,
(3.26)
where the terms concerning ΨαA and scalars Φ
AB are usual. ΠAB is given by time derivative
of ΦAB , ΠAB = ι·∂ΦAB = (1/4)ιαβ∂αβΦAB , and ~∂αβ = ∂αβ−ιαβι·∂ are partial derivatives
along the spatial section X . Obviously, ~∂αβ satisfies ι
αβ~∂αβ = 0. Here, the normalization
has been appropriately chosen to make the theory consistent, quantum mechanically.
We now substitute the modes expansions of the free tensor multiplet, studied in sub-
section 3.1, into the Hamiltonian H (3.26). The terms concerning five scalars will be, by
substituting (3.14), ∫
~p
|(p · ι)|(1/4)φAB(p)φAB(p), (3.27)
where
∫
~p
=
∫
d5~p/[(2π)6(2p0)] is given by carrying out the p0 = p · ι integration in∫
p
δ(p2)θ(p0), which will enforce p0 = |~p| > 0. And we have dropped the zero point
energy of the scalar fields since the total zero point energy of the full tensor multiplet will
be exactly canceled out, due to the boson-fermion pairing of the supersymmetry. Clearly,
in the canonical quantization, φAB(p) and φ
AB
(p) should be identified as the annihilation
and creation operators, respectively, with the quantization conditions
[φAB(p), φ
CD
(q)] = (2π)6(2p0)δ(~p− ~q)δCDAB , (3.28)
where δABCD =
1
2
(δACδ
B
D − δBCδAD). One can check (3.28) by using it to calculate the
commutators [φAB(p),H]. The result is [φAB(p),H] = (p · ι)φAB(p), which is just the
Fourier transformations of the Heisenberg equation i(dΦAB/dt) = [ΦAB,H].
Similarly, after substituting the mode expansion of the fermions into H, and with the
help of the relation pαβ = λαλ˜β − λβ λ˜α, one will have the terms of the fermion modes∫
~p
|(p · ι)|
(
Ψ
A
+Ψ
+
A +Ψ
A
−Ψ
−
A
)
. (3.29)
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Clearly, this term means that Ψ+A(~p) and Ψ
−
A(~p) should be quantized as the annihilation
operators and their complex conjugate are the creation operators, with
{Ψ+A(~p),Ψ
B
+(~q)} = {Ψ−A(~p),Ψ
B
−(~q)} = (2π)6(2p0)δ(~p− ~q)δBA. (3.30)
Applying the same procedure to the tensor field H(αβ), one will get the terms of the
expansion modes of H(αβ), with∫
~p
| (p · ι)|(H+H+ +H−H− +H0H0) , (3.31)
which means that H+, H− and H0 are the annihilation operators and their complex con-
jugates are the creation operators, with the quantization relations
[H+(p), H+(q)] = (2π)
6(2p0)δ(~p− ~q)
[H−(p), H−(q)] = (2π)
6(2p0)δ(~p− ~q)
[H0 (p), H0 (q)] = (2π)
6(2p0)δ(~p− ~q).
(3.32)
In the present conventions, all the modes are defined on the positive light cone L+C .
One can use various relations between negative energy modes and the conjugate of positive
modes with opposite helicity to extend the quantization relations to the full modes algebra.
For example, by using Ψ+A(−p) = Ψ˜−A(p), one can have
{Ψ+A(p),Ψ+B(q)} = (2π)6(2p · ι)δ(~p+ ~q)ωAB. (3.33)
By acting the creation operators on the Fock vacuum |0〉, one can construct the full
Fock space HF of the oscillating modes of free tensor multiplet. For example, the one
particle Hilbert space can be constructed as follows. |AB, ~p〉 = φAB(~p)|0〉 are the one
particle states of the scalars, which transformed as (5) representation under the R sym-
metry group Sp(2,H)R, and | 12 , A, ~p〉 = Ψ
A
+(~p)|0〉 are the one particle states of the helicity
+12 fermions, which transform as | 12 , A, ~p〉 → ei
1
2
θ| 12 , A, ~p〉 under the helicity transforma-
tion eiθ × eiϕ ⊂ Hp, and transform as (4) representation under Sp(2,H)R. Similarly,
| − 1
2
, A, ~p〉 = ΨA−(~p)|0〉 are the one particle states of the helicity −12 fermions. Acting
the creation operators H+(~p), H−(~p) and H0(~p) on |0〉 once will create the one particle
states |+, ~p〉, |−, ~p〉 and |0, ~p〉, respectively. Under eiθ × eiϕ ∈ Hp, |+, ~p〉 is helicity +1
with |+, ~p〉 → eiθ|+, ~p〉, |−, ~p〉 is helicity −1 with |−, ~p〉 → e−iθ|−, ~p〉, and |0, ~p〉 is helicity
0 with |0, ~p〉 → |0, ~p〉, all these states are Sp(2,H)R singlets. These one particle states,
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|AB, ~p〉, | ± 12 , A, ~p〉, |±, ~p〉 and |0, ~p〉 consist of a short representation of the N = (2, 0)
supersymmetries.
We now can calculate out the modes expression of QαA. This can be achieved by
substituting the mode expansions of free tensor multiplet into the supercharges4
QαA =
1
2π
∫
X
(
H(αβ)ιβγΨ
γ
A + ∂
αβΦABιβγΨ
γB
)
. (3.34)
The result is (by using the relation pαβ = λαλ˜β − λβ λ˜α)
QαA =
∫
~p
(p · ι)
[
λα(H−Ψ
−
A +H+Ψ˜
+
A) + λ˜
α(H−Ψ˜
−
A −H+Ψ+A)
]
+i
∫
~p
(p · ι)
[
λα(Ψ+AH0 + Ψ˜
−
AH0)/2 + λ˜
α(Ψ−AH0 − Ψ˜+AH0)/2
]
+i
∫
~p
(p · ι)
[
λα(φ
AB
Ψ+B + φABΨ
B
−) + λ˜
α(φ
AB
Ψ−B − φABΨ
B
+)
]
.
(3.35)
One can check that this expression satisfies real conditions (2.3). As a further check, one
can also calculate the Q −Q anti-commutators by using the modes algebra (3.28), (3.30)
and (3.32), the results just give out the terms (3.27), (3.29) and (3.32) of the Hamiltonian.
However, the calculations in previous paragraph are restricted to oscillating modes.
In more general case, the Q − Q anti-commutators will contain additional terms ZαβAB,
which come from the anti-commutator between the first and the second term of the right
hand side of (3.34) and serve as central extensions of N = (2, 0) supersymmetry algebra
(This mechanism is familiar in four-dimensional supersymmetrical gauge theory [30]). By
noticing the equation of motion ∂αβH
(βγ) = 0 of H(αβ), ZαβAB can be written as
ZαβAB =
1
2π
∫
X
ιαγ∂γδ(H
(δβ)ΦAB)
=
1
2π
∫
∂X
nγδι
αγH(δβ)ΦAB,
(3.36)
where ∂X stands for the spatial boundary at the infinity, and nαβ is the unit normal
vector of ∂X , with n2 = 1 and n · ι ∼ nαβιαβ = 0. Therefore, if the scalars ΦAB
4 This can be got by integrating the supercurrent Jα,γδA = J
αµ
A γ
γδ
µ over X, with Q
α
A =∫
X
Jα,γδA ιγδ. For free tensor multiplet, the supercurrent J
α,δγ
A can be schematically written as
Jα,δγA ∼ H
(αδ)ΨγA − H
(αγ)ΨδA + ... We note that this expression satisfies the trace condition
JαAαβ = 0 enforced by the conformal invariance, since H
(αδ)ΨγAǫδγαβ = H
(αγ)ΨδAǫδγαβ = 0,
automatically.
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have nonzero vacuum expectation Φ0ψAB at the infinity, where ψAB is a unit vector of
Sp(2,H)R ≃ Spin(5)R with (1/4)ψABψAB = 1, ZαβAB will serve as a measurement of the
H-flux through ∂X , as one can see from (3.36). In fact, the integrand of (3.36) is just the
operator J
(αβ)
AB in n = 2 chiral primary multiplet of OSp(2, 6|2), with J (αβ)AB ∼ H(αβ)ΦAB.
Thus, ZαβAB can be viewed as the conservation charges of the current J (αβ)AB of self-dual
strings. In section 5, we’ll discuss the self-dual string excitations extending along some lαβ
direction. There, Φ0 will be interpreted as the tension of the string, H-fluxes will measure
the winding number w of the self-dual string, ZαβAB will then be given as w|Φ0|ψABlαβL,
where L is the string length along lαβ direction.
Operator Product Expansions
Having quantized the free tensor multiplet. We can now calculate the operator product
expansion(OPE) of the theory. Since what we are considering is a free field theory, we only
need to consider the Φ−Φ OPE, the Ψ−Ψ OPE and the H −H OPE, the OPE of other
local operators will then follows.
Let’s begin from the Φ − Φ OPE. By using the mode expansions of the scalar fields
and the mode algebra (3.28), one can get the most singular term of the Φ−Φ OPE, with
ΦAB(x)ΦCD(0) ∼ (2π)ǫABCD i
4π3|x|4 + ..., (3.37)
where the factor 1/(4π3|x|4) can be got by evaluating the propagator ∆(x) = ∫
p
e−ip·x
p2
5.
Since we are considering a free field theory, the ellipsis of (3.37) is nothing but an operator
given by the normal ordering : ΦAB(x)ΦCD(0) :, which is nonsingular and can be expanded
as the Taylor series
∑
1
n!x
µ1 ...xµn∂µ1 ...∂µnΦABΦCD(0).
Similarly, by using the mode expansions (3.18) and the mode algebra (3.30), one can
calculate the OPE of the fermions ΨαA, with the help of p
αβ = λαλ˜β − λβ λ˜α, the result is
ΨαA(x)Ψ
β
B(0) = (2π)ωAB
xαβ
π3|x|6+ : Ψ
α
A(x)Ψ
β
B(0) : (3.38)
Here, the factor xαβ/(π3|x|6) is given by evaluating ∂αβ∆(x). This result can also
be checked by noticing that 〈Ψα(x)Ψβ(0)〉 ∼ 〈[Qα,Φ(x)][Qβ,Φ(0)]〉, the supersym-
metry invariance of the vacuum state then tells us that 〈{Qα, [Qβ,Φ(x)]}Φ(0)〉 ∼
5 which may be calculated by
∫
p
1
p2
e−ip·x =
∫ +∞
0
dτ
∫
p
e−τp
2
e−ip·x, integrating out p gives∫ +∞
0
dτ 1
(4πτ)3
e−
x2
4τ = 1
4π3|x|4
.
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〈[{Qα, Qβ},Φ(x)]Φ(0)〉 ∼ ∂αβ〈Φ(x)Φ(0)〉, where we have omitted all the R-symmetry in-
dices in this sketchy calculation.
The H − H OPE can also be calculated by using the mode algebra (3.32) and the
transformation pαβ = λαλ˜β − λβ λ˜α, with
H(αβ)(x)H(γδ)(0) = (2π)
3
8
6
π3|x|8 (x
αγxβδ + xβγxαδ)+ : H(αβ)(x)H(γδ)(0) : (3.39)
where the factor 6(xαγxβδ+xβγxαδ)/(π3|x|8) is got by evaluating (∂αγ∂βδ + ∂βγ∂αδ)∆(x).
In fact, up to a normalization constant, all these OPE’s can be fixed by superconformal
symmetries. We have related the OPE of free fermions to the OPE of the scalars by using
supersymmetries. The relationship between the H−H OPE and the OPE of the scalars is
similar, since the free field operators form a chiral multiplet of OSp(2, 6|2) – belonging to
n = 1 chiral primary representations, as we have noted in section 2. The conformal weight
of ΦAB is 2, thus the most singular term (multiplying to weight 0 unit operator) of the
Φ− Φ OPE must be ∼ 1/|x|4, just as (3.37) shows us. Hence, our explicit calculations of
the OPEs of free tensor multiplet can be viewed as a consistency check to our quantum
theory of the Abelian gerbe.
3.3. The Direct Calculations Of Anomalies
By utilizing the OPEs of free tensor multiplet, we can now calculate the R sym-
metry anomaly and the gravitational anomaly of the tensor multiplet. This is achieved
by calculating the four-point functions of the R symmetry currents – with schematic form
〈JRJRJRJR〉 – and four-point functions of the energy-momentum tensor – with schematic
form 〈TTTT 〉. The mixed anomalies may also be calculated by evaluating various four-
point functions concerning both the energy-momentum tensor and R symmetry current.
We then compare our direct calculations to the results got by utilizing index theorems and
find agreements. We’ll not consider the Weyl anomaly separately, since it is related to the
R symmetry anomaly by supersymmetry6.
By noticing that only the chiral fermions ΨαA of the tensor multiplet contribute to
the R symmetry anomaly, we’ll focus on the terms of Jαβ
R(AB) that concern Ψ
α
A only
6 One can see this as follows, firstly ∂αβJRβγ ∼ [P
αβ, JRβγ ], using the superalgebra ∼
[{Qα, Qβ}, JRβγ ], and by noticing that {Q
α[Qβ, JRβγ ]} ∼ ǫα′β′γ′δ′T
(α′β′,γ′δ′)δαγ , one finally has
∂αβJRβγ ∼ Tδ
α
γ .
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Jαβ
R(AB) ∼ (ΨαAΨβB +ΨαBΨβA)+ ..., where the ellipsis stands for the terms contributed by
the scalars (roughly ωCD(ΦAC∂
αβΦDB + ΦBC∂
αβΦDA)).
By using the Ψ−Ψ OPE (3.38), the four-point function of the Spin(5)R currents can
be calculated out, with schematic terms
〈Jα1β1
R(A1B1)
(x1)J
α2β2
R(A2B2)
(x2)J
α3β3
R(A3B3)
(x3)J
α4β4
R(A4B4)
(x4)〉
∼DAB (x1 − x2)
β1α2(x2 − x3)β2α3(x3 − x4)β3α4(x4 − x1)β4α1
|x1 − x2|6|x2 − x3|6|x3 − x4|6|x4 − x1|6 ,
(3.40)
where DAB is the abbreviation of DA1B1A2B2A3B3A4B4 ∼ (ωB1A2ωB2A3ωB3A4ωB4A1) +
permutations. Other terms can be got by noticing the symmetries of the spinor indices
and R symmetry indices.
We now couple Jαβ
R(AB) to a nontrivial background Sp(2,H)R gauge field with po-
tential A
(AB)
αβ . One can view A
(AB)
αβ as the connection of a nontrivial Sp(2,H)R vector
bundle SR → W and the configurations of ΨαA as the sections of SR. Now, we have
ǫAB〈∂αβJαβR(AB)(x)〉A ∼ ǫAB(x)
∫
2
∫
3
∫
4
〈∂αβJαβR(AB)(x)JR ·A(x2)JR ·A(x3)JR ·A(x4)〉, where
JR ·A(x) ∼ Jαβ
R(AB)A
(AB)
αβ (x) and ǫ
AB(x) are the parameters of a infinite small Sp(2,H)R
gauge transformation. By using ∂αβ
(
1/|x|4) ∼ xαβ/|x|6, ∂αβ (xβγ/|x|6) ∼ δ γα δ(x), and
after some tedious calculations, one finally has
ǫAB〈∂αβJαβR(AB)〉 ∼ −
1
3
TrR
[
(dA)αβ(dA)
β
γ(dA)
γ
αǫ
]
+
1
4
TrR
[
(dA)αβǫ
]
TrR
[
(dA)βγ(dA)
γ
α
] (3.41)
where (dA)αβ =
1
2
(∂µAν−∂νAµ)(γµ∧γν)αβ , and we have omitted the R symmetry indices
since we are tracing over them. The Wess-Zumino consistency conditions, combing equa-
tion (3.41), tell us that the full R-symmetry anomalies can be got from the descendants of
the terms IRA ∼ −13TrR(F ′F ′F ′F ′) + 14 [TrR(F ′F ′)]2 (by expanding it to the first order in
ǫ), where F ′ = F + ǫ. By using the Pontrjagin classes of the Sp(2,H)R ≃ Spin(5)R vector
bundle SR → W, p1(SR) ∼ −12TrR(F
′2) and p2(SR) ∼ −14TrR(F
′4) + 1
8
[TrR(F
′2)]2, one
can then reorganize the terms of IRA as
IRA ∼ p2(SR) +
1
4
p1(SR)
2. (3.42)
Up to a overall numerical factor that we did not try to fix in our heuristic derivation, (3.42)
agrees with the results of [31]. A careful calculation may give out the correct numerical
factor 148 .
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For completeness, we now include the index theoretical derivation of the R symme-
try anomaly (following [31]). The beautiful arguments of [32] tell us that this anom-
aly is given by descending the fourth order terms of the Chern character Ch(SR) of
SR → W . To get Ch(SR), one picks out a maximal torus TR ⊂ Sp(2,H)R ≃ Spin(5)R,
TR = Spin(2)R × Spin(2)R. Letting (t1, t2) denote the pull back of the two genera-
tors of cohomology ring H∗(BTR,Q), where BTR is the classifying space of TR vec-
tor bundles. Since ΨαA transform as the spinor representation of Spin(5)R, the four
weights of ΨαA are (+
1
2 ,+
1
2 ), (−12 ,−12 ), (+12 ,−12 ), (−12 ,+12). Ch(SR) can then be cal-
culated as Ch(SR) =
1
2
(e
1
2
t1 + e−
1
2
t1)(e
1
2
t2 + e−
1
2
t2), where the factor 1
2
is included since
ΨαA satisfy the real condition (3.1). Finally, one expands Ch(SR) to fourth order and gets
1
192(t
4
1 + t
4
2) +
1
32 t
2
1t
2
2. Hence, the R symmetry anomaly is given by the descendant of
IRA =
1
48
(p2(SR) +
1
4
p1(SR)
2). (3.43)
Here, the Pontrjagin classes are given as p1(SR) = t
2
1 + t
2
2 and p2(SR) = t
2
1t
2
2.
Gravitational Anomaly And Mixed Anomaly
The gravitational anomaly can also be calculated by computing the four point func-
tions of the energy-momentum tensor T (αβ,γδ). But the result can be more directly
got by evaluating the Feynman diagrams. Figure 1 is one of the typical anomalous
diagram7, where the interior loop is for the chiral fermions ΨαA or for the chiral ten-
sor H(αβ). The interaction between these fields and the background gravity is through
(1/4)2h(αβ,γδ)T
(αβ,γδ), where the energy-momentum tensor of the chiral tensor H(αβ) is
given as T (αγ,βδ) ∼ H(αβ)H(γδ) −H(γβ)H(αδ) + ..., h(αβ,γδ) = hµνγαβµ γγδν , and the back-
ground metric is given as gµν = ηµν +hµν . At every vertex of Figure 1 but the dotted one
one inserts (1/2)hµνTµν , but at the dotted vertex, one should use ε
µ∂νTµν .
7 For a detailed discussion to other anomalous diagrams, especially the diagrams with seagull
vertices where two gravitons are simultaneously attached, see [32].
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Fig. 1: An anomalous diagram. The internal lines are the chiral field H(αβ) (or the
chiral fermions) and the external lines are gravitons. The coupling of the dotted
vertex is εµ∂νTµν and the coupling of other vertexes are (1/2)h
µνTµν .
We now focus on the contributions of the chiral tensor H(αβ) since the contributions
of ΨαA are quite usual. The propagator of H
(αβ) can be easily calculated by using the
quantization relations or from (3.39) directly,
〈H(αβ)(x)H(γδ)(0)〉 ∼
∫
p
e−ip·x
pαγpβδ + pβγpαδ
p2 + iǫ
. (3.44)
One can then evaluate the Feynman diagrams by using (3.44). Fortunately, the calcu-
lations that we need to perform have been essentially carried out in the original calculations
of the gravitational anomaly [32]. The underlying reason is because that the spinor tech-
niques have been employed there – to simplify the algebra – in calculating gravitational
anomaly of the self-dual field. In fact, one can identify our chiral field H(αβ) as the sym-
metrical part of the chiral projection of the field φαβ introduced in [32] (restricted on
six-dimensions). Moreover, upon truncating φαβ to H
(αβ), the momentum independent
term – which is irrelevant for the gravitational anomaly – of [32]’s formula (48) automat-
ically disappears. The φαβ propagator there then becomes our H
(αβ) propagator (3.44).
And the energy-momentum tensor of projected φαβ (formula (51) of [32]) becomes the
energy-momentum tensor of H(αβ). Thus, one can borrow the calculations of [32]. It turns
out that the anomaly terms of the chiral tensor are the descendants of IHA, which is given
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by −18 times the power 4 terms of the expansion of L-genus,
IHA =
1
360
(
p1(TW)
2 − 7p2(TW)
)
. (3.45)
We now include the contributions of the chiral fermions ΨαA. According to the cal-
culations of [31], the corresponding anomaly terms are given by the power 4 terms of the
expansion of 12 Â(W) × 4, where Â(W) is the Â-genus, 12 comes from the real condition
(3.1) and the factor 4 comes for four chiral fermions. By adding these contributions and
the terms IHA of the chiral tensor H
(αβ), one has the total gravitational anomaly IGA
IGA =
1
48
(
1
4
p1(TW)
2 − p2(TW)
)
. (3.46)
The mixed terms IMA of the R symmetry anomaly and the gravitational anomaly are
contributed by the chiral fermions and can also be calculated by evaluating the relevant
Feynman diagrams. According to [31]’s results, IMA can be extracted from the mixed terms
of the expansion of 12 Â(W)Ch(SR), where the factor 1/2 comes from the real condition
imposed on ΨαA,
IMA = −
1
4
p1(SR)p1(TW)
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. (3.47)
The total terms IA of the anomalies are then given by the summation of the R-
symmetry anomaly IRA (3.43), the gravitational anomaly I
G
A (3.46) and the mixed anomaly
IMA (3.47), IA = I
G
A + I
R
A + I
M
A.
Digress To The Anomaly Cancelation Of M5 Brane
We now digress to discuss the implications of the anomalies of quantum Abelian
gerbe theory when it is applied to theM5 brane dynamics. In what follows we will connect
anomaly IA to the gravitational anomaly of M5 brane. And, for completeness, we’ll also
include a treatment to the subtle cancelation mechanism (due to [31][33][34] ) of this
anomaly.
It is well known that, the six-dimensional quantum Abelian gerbe theory can be real-
ized as the low energy world-volume theory of M5 brane. The five scalars Φ
AB extend to
the five coordinates xAB⊥ (in Plank unit 2πlp = 1) of the transverse position of five-brane
world volume W. The Spin(5)R vector bundle NR → W serves as the normal bundle
of the five-brane W in eleven-dimensional spacetime M, W →֒ M. And the R symme-
tries Spin(5)R ⊂ GL(5,R) act as local diffeomorphisms along the transverse directions.
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Hence, both the anomalies of the diffeomorphisms along W and the R symmetry anom-
aly are gravitational anomalies of M -theory and must be canceled to preserve the general
covariances.
It turns out that this cancelation is achieved by including the anomalies that inflow
from the bulk. The inflowing anomalies come from the Chern-Simons terms ICS of the
bulk theory. These terms concern the three-form potential C and its four-form strength G
of the eleven-dimensional supergravity multiplet. After normalizing the kinetic term of C
as Ik = − 14π
∫
M
G ∧ ∗G, ICS can be written as
ICS = −1
6
∫
M
C ∧ G
2π
∧ G
2π
+
∫
M
C ∧ ∗J, (3.48)
where J is given by ∗J = 1
48
[
p2(TM)− 14p1(TM)2
]
and can be viewed as the current of
dissolved M2 branes.
One then views the M5 brane as the magnetic source of the potential C, its presence
will modify the Bianchi identity of the four-form strength G to dG = 2π[δW ], where [δW ]
is the Poincare dual of W.
To represent [δW ] in terms of the Thom class ΦW of the normal bundle NR → W,
one picks out a tubular neighborhood Tǫ of W in M by attaching to each point of W a
five-dimensional open sphere of sufficiently small radius ǫ perpendicular to W at the center.
Tǫ is diffeomorphic to the normal bundle NR of W in M. And the boundary of Tǫ’s closure
forms a sphere bundle Sǫ →W with four-dimensional sphere surface S4ǫ (of radius ǫ) as its
fiber. [δW] can then be taken as the extension of ΦW in M. By using the Euler class e(Sǫ) of
Sǫ, this extension can be explicitly written as [δW] =
1
2e(Sr)∧drδ(r−ǫ) = 12d(e(Sr)θ(r−ǫ)),
where the factor 12 is inserted by noticing that the integration of e(Sr) along fiber S
4
r is∫
S4r
e(Sr) = 2. Thus, the modified Bianchi identity can be satisfied by modifying the
four-form strength G as
G = dC + 2πθ(r− ǫ)e(Sr)/2. (3.49)
The term – due to the current of the dissolved M2 branes (the second term of (3.48))
– of the inflowing anomaly is given by the descendant of (G ∧ ∗J)|Sǫ+0. By substituting
(3.49), integrating over S4ǫ+0 and taking the ǫ→ 0 limit, one will have IC = (2π) ∗ J |W8.
8 By noticing that TM|W = TW ⊕ NR, one has p1(TM) = p1(TW) + p1(NR), p2(TM) =
p2(TW)+p2(NR)+p1(TW)p1(NR). Hence, ∗J |W can be given as ∗J |W =
1
48
[p2(TW)−
1
4
p21(TW)+
p2(NR)−
1
4
p21(NR) +
1
2
p1(TW)p1(NR)].
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And the anomaly inflows from the first terms of (3.48) is given by the descendant of
− 124π2 (G∧G∧G)|Sǫ+0. By substituting the expression (3.49) of G, one has −(2π) 148e(Sǫ)∧
e(Sǫ) ∧ e(Sǫ). After integrating over the fiber S4ǫ , one will have IS = −(2π) 124p2(NR) 9.
A little algebra shows us that all the anomalies cancel out after summing up the
anomalous terms IA, IC and IS , that is
IA + IC + IS = 0. (3.50)
3.4. Quantization Of Fluxes
The purpose of the present subsection is to discuss the quantum mechanics of the
zero modes of the free tensor multiplet defined on a more general spacetime manifold. As
one will see that these modes should be classified by the cohomology group (or compact
cohomology group) of the (1+5)-dimensional spacetime W. Thus, if W is topologically
trivial, for example W = R1,5 as the most parts of the present paper are focusing on, these
zero modes are absent, and one needs not to discuss their quantization. But, in applying
QNG theory to describe M theory compactified on T4, in the matrix theory context, W
may be T5×R1, so that its cohomology is nontrivial. Hence, it is deserved to quantize the
zero modes of H(αβ) canonically. These zero modes are the static solutions of the following
equations with nontrivial fluxes
~∂αβ ~H
(βγ) = 0
ιβγ~∂αβ ~G(γδ) = 0,
(3.51)
the accurate definition of the magnetic field ~H(αβ) and electric field ~G(αβ) will be given
later. On a curved X , the partial differential operator ~∂αβ in equation (3.51) should be
understood as a covariant derivative with some spin connection.
It would be convenient to pick out an axial gauge. We denote the connection of
the U(1) gerbe in this gauge as ~Bαβ which satisfies the conditions
~Bαγι
γβ = ~Bβγι
γα and
ιαγ ~B
γ
β = ιβγ
~Bγα. We then decompose the tensor H
(αβ) as time derivative part ~Π(αβ) plus
spatial derivative part ~H(αβ). Here, ~Π(αβ) = 2(ι ·∂)ιαγ ~Bβγ and ~H(αβ) = ~∂αγ ~Bβγ+ ~∂βγ ~Bαγ .
9 To see this result, one notices S4ǫ ≃ Spin(5)R/Spin(4)R, and views NR as the vector bun-
dle of this Spin(4)R, hence, p2(NR) = e
2(NR), which can be identified with the pull back of
e2(Sǫ). By further using
∫
S4ǫ
e(Sǫ) = 2, the result follows. For a rigorous treatment of the related
mathematical facts see [35] Lemma. 2.1.
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And the self dual condition ∂αγB
γ
β+∂βγB
γ
α = 0, acting on the configuration space of B
α
β,
now becomes ~∂αγ ~B
γ
β +
~∂βγ ~B
γ
α = −2(ι · ∂)ιαγ ~Bγβ = −ιαγιβδ~Π(γδ). This can be rewritten
as
~G(αβ) = ~Π
(γδ)ιγαιδβ , (3.52)
where we have denoted ~∂αγ ~B
γ
β +
~∂βγ ~B
γ
α as −~G(αβ). Now the equation of motion
∂αβH
(βγ) = 0 can be rewritten as the form of (3.51).
To perform the canonical quantization procedure, we will view (3.52) as a constraint
equation that acts on the Hilbert space after finishing quantization. In doing so, we
effectively enlarge the chiral theory to a theory of ordinary tensor field and then throw out
the anti-self-dual part after quantizing it.
Now, we naturally identify ~Π(αβ) with the conjugate momentum operator of ~Bαβ. By
using the canonical commutator between ~Bαβ and
~Π(αβ), one can calculate the commutator
between ~H(αβ) and ~Π(αβ). For convenience, we view ~H(αβ) as a three form ~H and ~Π(αβ)
as a two form ~Π on X , then the ~H − ~Π commutator can be elegantly written as[∫
X
~H
2π
∧ α,
∫
X
⋆
~Π
2π
∧ β
]
=
1
2πi
∫
X
β ∧ dα (3.53)
where α and β are two arbitrary 2-forms on X .
Since we are focusing on the quantization of (3.51) ’s static solutions with non-trivial
fluxes, we can eliminate ~Π(αβ) by making use of equation (3.52) and viewing ~G as the three
form ⋆~Π. The fluxes will consist of a system with Hamiltonian
1
4π
∫
X
(
ιαβιγδ ~G(αγ) ~G(βδ) + ~H
(αγ) ~H(βδ)ιαβιγδ
)
+
1
2π
∫
X
~H(αβ) ~G(αβ), (3.54)
and with nontrivial ~H − ~G commutators,[∫
X
~H
2π
∧ α,
∫
X
~G
2π
∧ β
]
=
L(α, β )
2πi
, (3.55)
where the link number L(α, β ) between α and β is given by
∫
X
β ∧ dα , which is antisym-
metric about α and β , L(α, β ) = −L(β , α).
For the compactness of the Abelian group U(1), the magnetic fluxes
∫ ~H
2π on some
three cycles will be topologically quantized, and the electric fluxes
∫ ~G
2π on three cycles
will be canonically quantized. Thus, roughly speaking, both these fluxes will be clas-
sified by H3(X,Z), or by H2(X,R/2πZ) = Hom(H3(X,Z), U(1)) through Pontrjagin-
Poincare duality. Then, the phase space of the fluxes may be identified as H2(X,R/2πZ)⊕
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H2(X,R/2πZ). And the commutator (3.55) gives us a sympletic form L(α, β ) on this
phase space, which will enable us to properly quantize these fluxes. The final results may
be identical to the analysis to the quantum self-duality of the fluxes of H [13].
Generalization
It is interesting to generalize the above discussions of U(1) Abelian gerbe theory to
more general case with Abelian gerbe group TG. The generalization of the quantization
of oscillating modes is trivial. We now focus on the generalization of the quantization of
H-fluxes. To specify the periods of the r tensors of TG theory, one should pick out an
imbedding of U(1) into TG firstly. All possible imbedding will define a magnetic charge
space M = Hom(U(1),TG). The periods of the r tensor fields should take value in
H3(X,Z)⊗M. (3.56)
To specify M, one puts a coordinates system (z1, z2, ..zr), |zi|2 = 1, (i = 1, 2...r) on
the maximal torus TG. The imbedding U(1)→ TG can then be characterized by
z → (zk1 , zk2 , ..., zkr), (3.57)
where z is an element of U(1) group. Thus, each imbedding is specified by a sequence of
r integers (k1, k2, ......, kr). The collection of all possible imbedding form a r-dimensional
lattice Λcochar, which is the cocharacter space of G. Hence, M = Λcochar.
The Poincare and Pontrjagin duality of H3(X,Z)⊗M is H2(X,TGˇ), where TGˇ is the
maximal torus of the Langlands dual group Gˇ of G. Further more, the flat connections are
parameterized by H2(X,TG), which is the Poincare and Pontrjagin duality of the electric
fluxes H3(X,Z)⊗ E. Thus, the phase space of the H-fluxes may be identified as
H2(X,TGˇ) ≃ H2(X,TG). (3.58)
To study the quantum mechanical theory of these fluxes, one should impose an appropriate
sympletic form on this phase space. This sympletic form should be some kind of natural
generalization of L(α, β ). It seems that this can be achieved only when TG is identical to
TGˇ. Clearly, the A−D− E series of Lie groups satisfy this requirement.
As an analog of ’t Hooft’s discussions for the Abelian fluxes of a non-Abelian gauge
theory [36], one can naturally guess that the Hilbert space of Abelian flux states of a QNG
theory with gerbe group Gad is given by H
3(X,Z(Ĝ)), where Ĝ is the universal covering
of G, Z(Ĝ) is Ĝ’s center, and Gad = Ĝ/Z(Ĝ). This result may be checked by firstly
reducing the QNG theory on a S1, and then comparing H3(X,Z(Ĝ)) to the Hilbert space
of the Abelian fluxes of the resulting (4 + 1)-dimensional gauge theory [37].
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4. N = 4 Gauge Theory From QNG Theory
In last section, to study the QNG theory, we perturbed it into quantum Abelian
gerbe theory. In this section we will try to get a glance at the non-Abelian nature of QNG
theory by perturbing it into a four-dimensional N = 4 super-Yang-Mills theory with gauge
group G. To do this, we compactify the six dimensional theory on a torus T2, which is
characterized by two parameters (τ, AT), where τ is its complex structure and AT is its
world volume. We’ll see that τ will become the complex coupling constant of the gauge
theory, and the Mantonen Olive duality of N = 4 super-Yang-Mills theory can be explained
as the mapping class symmetry of T2. We’ll understand how to get the four-dimensional
superconformal group PSU(2, 2|4) (and its central extensions) from OSp(2, 6|2) (and its
central extensions), under the compactification.
All these results have been known (conjectured) in literatures. But, by using the
formalism in the present paper, we can get them quite directly. Especially, for the Abelian
theories, we can explicitly write down the dimensional reduction. We further argue that
the six dimensional origin of N = 4 super-Yang-Mills theories and their SL(2,Z) dualities
can be extended to the non-Abelian cases.
4.1. The Dimension Reduction Of Superconformal Symmetries And Dualities
In this subsection we’ll try to match the T2 reduction of the algebra of superconformal
group OSp(2, 6|2) with the algebra of PSU(2, 2|4) which is the superconformal group of
four-dimensional N = 4 super-Yang-Mills theory. The benefits of this matching are two
folds. Firstly, it is required by the matching between dimension reduced QNG theory and
the N = 4 super-Yang-Mills theory. Moreover, with the six-dimensional interpretation of
Mantonen Olive duality in mind, one can conveniently derive the SL(2,Z) transformations
of the supersymmetries with the results agreeing with [38].
The Dimension Reduction Of Superconformal Symmetries
To see the dimension reduction of the (1+5)-dimensional superconformal symmetry,
we let the compactified T2 be along the x5, x6 directions and decompose the Lorentz
group Spin(1, 5) into Spin(1, 3) × Spin(2), where Spin(1, 3) is the Lorentz group of four-
dimensional theory and Spin(2) is the rotation of (5, 6) directions. The chiral spinor of
Spin(1, 5) ≃ SL(2,H) ⊂ SL(4,C) can then be decomposed into irreducable representations
of Spin(1, 3)× Spin(2), with the decomposing of indexes
(α)→ (a,+1
2
)⊕ (a˙,−1
2
), (4.1)
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where a = 1, 2 are the chiral spinor indexes and a˙ = 1, 2 are the anti-chiral spinor indexes of
the four-dimensional Lorentz group Spin(1, 3) ⊂ Spin(4,C) ≃ SL(2,C)⊗ SL(2,C), +1/2,
−1/2 are the weights (the eigenvalues of the generator S56 = 12γ5γ6) of Spin(2).
We then decompose the Q-charges and S-changes into
QαA → (QaA, ωABQ
B
a˙)
SAα → (ωABSBa˙, SaA),
(4.2)
according to their Spin(2) weights, where QaA weights +1/2 and S
aA weights −1/2. The
real structure τ̂ now acts as the complex conjugation that exchanges QaA, S
aA with Q
B
a˙,
SBa˙, respectively.
The six-dimensional momentum Pαβ can be decomposed as,
Pαβ → Pab˙ ⊕ Pa˙b ⊕ Z ⊕ Z, (4.3)
where Pa˙b is the conjugate of P
ab˙ with Pa˙b = ǫbdǫa˙c˙P
dc˙, and Z, Z are the momentums
around the internal space T2 with Spin(2) weight +1 and −1, respectively. Kαβ can also
be likewise decomposed.
One can then derive some of the superalgebras of PSU(2, 2|4) by dimensional reducing
the superalgebras of OSp(2, 6|2) which have been explicitly written out in section 2. For
examples, the Q−Q anti-commutators are
{QaA, Q
Ba˙} = Paa˙δBA. (4.4)
Likewise, one can have the S − S anti-commutators {SaA, Sa˙B} = Kaa˙δAB. The K − S
commutators and P−Q commutators are i[Kaa˙, SAb] = δabQ
Aa˙
, i[Paa˙, QbA] = δ
a
bS
a˙
A and
their complex conjugates.
Further more, one can decompose the angular momentum Jαβ as,
Jαβ → Jab ⊕ Ja˙b˙ ⊕ Zaa˙ ⊕ Z a˙a, (4.5)
where Jab and Ja˙b˙, which are complex conjugate to each other, are the selfdual and anti-
selfdual parts of the four-dimensional angular momentums, and Zaa˙ is a vector of Spin(4,C)
(the complexification of the (1+3)-dimensional Lorentz group Spin(1, 3)) Z a˙a is the com-
plex conjugate of Zaa˙. One can have the Q− S anti-commutators (by using the results in
section 2),
{QaA, SBb} = Jab − iǫab(DδBA − RBA). (4.6)
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The Q− S anti-commutators are the complex conjugation of (4.6).
Concerning the terms of Z, Z, one will have the additional Q−Q anti-commutators,
{QaA, QbB} = ǫabωABZ and its complex conjugate {Q
A
a˙, Q
B
b˙} = ǫa˙b˙ωABZ. States carrying
nonzero Z charge will break the SU(4)R symmetry down to the Spin(5) ≃ Sp(2,H)R
subgroup that preserves ωAB . The corresponding BPS states will satisfy the condition
|P|2 − |Z|2 = 0. In terms of six-dimensional theory, this condition is just the on-sell
condition of massless particles, PαβPαβ = 0. (Concerning Zaa˙, Z a˙a, they will contribute
additional Q − S anti-commutators {QaA, S
a˙
B} = Zaa˙ωAB and its complex conjugate
{QAa˙, SBa} = Z a˙aωAB.)
To see the meaning of Z, one takes T2 as S × S′ with radius U and V respectively.
Let u, v denote the coordinates of S and S′ with (u ∼ u+2πU, v ∼ v+2πV ). Z can then
be written as
Z = n
V
+ i
m
U
, (4.7)
where n ∈ Z, m ∈ Z, n/V are the momentum modes around the v cycle and m/U are
the momentum modes around the u cycle. To generalize to the case of a general T2
with complex structure τ , one introduce complex coordinates dz = dv + i(V/U)du, dz =
dv − i(V/U)du to the special cases that we just considered, and identify V/U as Imτ
(in these special cases Reτ = 0). The general cases correspond to set dz = dv + τdu,
dz = dv + τdu, and make the replacement of iV/U → τ and V U → AT, where AT =
(i/2)
∫
T2
(dz ∧ dz)/Imτ is the volume10 of T2. Z can then be generalized as
Z = (n+ τm)√
ImτAT
. (4.8)
To rewrite the parameter 1/
√
AT of (4.8) in terms of the variables of the result-
ing four-dimensional gauge theory. We first recall that the quantum states of the fluxes
H2(X,TG) ≃ H2(T2,TG) ≃ TG, thus, for a TG quantum Abelian gerbe theory compact-
ified on T2, we will have r additional scalars coming from the Wilson-t’Hooft surfaces of
r two forms Bi, i = 1, ..., r. Now, we set r = 1 for simplicity (this case will be further
discussed in more details in next section) with the additional scalar Φ ∼ B√AT. Noticing
that the flux quantization means BAT ∼ 1, we have Φ ∼ 1/
√
AT. In another words, the
central charge Z is proportional to the vacuum expectation of the additional scalar.
10 Since one can easily carry out the integration (i/2)
∫
T2
dz ∧ dz to get (i/2)(
∮
v
dz
∮
u
dz −∮
u
dz
∮
v
dz) = (Imτ)V U .
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Further more, the SU(4)R ⊂ SL(4,C)R invariance of the underlying four-dimensional
N = 4 superconformal field theory will tells us that general central terms ZAB of four-
dimensional N = 4 superalgebra must take the form of
ZAB = 〈ΦAB〉(n+ τm)/
√
Imτ , (4.9)
where 〈ΦAB〉 stand for the vacuum expectations of the scalars ΦAB of the N = 4 gauge
theory. These scalars are the dimensional reduction of the original five scalars in N = (2, 0)
tensor multiplet plus an additional scalar that comes from the tensor field. We shall discuss
these in details in next subsection.
Now, the problem is what are the six dimensional explanations about the terms of
ZAB other than Z? It turns out that they come from the dimensional reduction of the
central extension of six-dimensional N = (2, 0) superalgebra.
As we have calculated (for free tensor multiplet, by using the expressions (3.34)), the
Q−Q anti-commutators of the six dimensional N = (2, 0) theory have a central extension
ZαβAB contributed by the self-dual strings,
{QαA, QβB} = ωABPαβ +ZαβAB, (4.10)
where ZαβAB is carried by a infinite long string extended along some direction of X or by
a winding string wound around a super-symmetric 1-cycle of X . ZαβAB transform as the 5
representation of Sp(2,H)R, thus
ZαβABωAB = 0. (4.11)
We now decompose ZαβAB → ǫabZAB ⊕ ǫa˙b˙ZAB ⊕ Zac˙AB ⊕ Z
a˙c
AB , with the constraint
(4.11) acts on them respectively. Combing ǫabZAB with ωABǫabZ that comes from the
decomposing of Pαβ, one has a SU(4)R ⊂ SL(4,C)R vector ZAB, with the constraint (4.11)
now dropped (One can likewise form the 6 representation ZAB of SU(4)R ⊂ SL(4,C)R).
Moreover, the combinations of the Sp(2,H)R ⊂ Sp(4,C)R 5 representation Zac˙AB and
singlet representation Zac˙ωAB will form a 6 representation Zac˙AB of SU(4)R ⊂ SL(4,C)R,
and one can likewise form the complex conjugation ZABac˙ of Zac˙AB . Thus, we have
{QaA, QbB} = ǫabZAB,
{QaA, S
a˙
B} = Zaa˙AB,
(4.12)
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and their complex conjugations. Charges Zaa˙AB are carried by the self-dual strings along
the four dimensions R3 × R1.
The Duality Transformations Of The Superalgebra
Having reduced the superconformal group OSp(2, 6|2) of QNG theory into the super-
conformal group PSU(2, 2|4) of N = 4 gauge theory, and matched their central extensions,
we now turn to derive the SL(2,Z) transformations of the four-dimensional supersymme-
tries, with the six-dimensional explanation of Mantonen-Olive duality in mind.
Firstly, one notice that the transformation S : u → v, v → −u acts as dz → − 1
τ
dz,
dz → − 1τ dz and τ → − 1τ , that is, dz/
√
τ → idz/√τ and dz/√τ → −idz/√τ . Clearly,
this transformation implies a Spin(2) rotation exp(iφS) = −|τ |/τ . Further more the six-
dimensional origin (4.2) tells us that QaA is weight 1/2 under Spin(2), thus one has the
S-duality transformation of QaA, Q
a
A → eiφS/2QaA =
√
−|τ |/τQaA. By noticing that T :
τ → τ + 1 is trivially acting on QaA, one can get the transformations of QaA under full
SL(2,Z) mapping class symmetries, τ → (aτ + b)/(cτ + d), ad− bc = 1, with
QaA →
( |cτ + d|
cτ + d
)1/2
QaA. (4.13)
This result is exactly identical to the corresponding results of [38] (section 2).
Further more, one can consider the central extension of the N = 4 superalgebra by
the anti-commutators {QaA, QbB} = ǫabZAB , which breaks the SU(4)R symmetry. The
six-dimensional explanation of this extension has been given in last subsection. We can
see that (4.13) implies the SL(2,Z) transformation of ZAB
ZAB →
( |cτ + d|
cτ + d
)
ZAB, (4.14)
and |Z| is SL(2,Z) invariant.
In next section, we’ll see that τ should be identified as the complex coupling constant
of N = 4 super-Yang-Mills theory. And the mapping class symmetry of T2 should be
identified as the SL(2,Z) Montonen-Olive duality. Thus, the quantum numbers (m,n) of
equation (4.9) should be interpreted as the quantum numbers of magnetic-electric charges.
By noticing the transformation law of τ , τ → (aτ + b)/(cτ +d), and Imτ → Imτ/|cτ +d|2,
equation (4.14) will tell us that the SL(2,Z) duality transformations act on the magnetic
and electric charges as
(m,n)→ (m,n)
(
a b
c d
)−1
= (m,n)
(
d −b
−c a
)
. (4.15)
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4.2. N = 4 Super-Yang-Mills Theory From QNG Theory And SL(2,Z) Dualities
We now compactify tensor multiplet on T2, X = R3 × T2. We’ll show that the
reduced Hamiltonian of the U(1) quantum Abelian gerbe theory is identical to the one of
the four-dimensional N = 4 U(1) gauge theory. The self-duality of H plus the mapping
class transformation of T2 lead to the S duality of four dimensional gauge theory which is
found through a five dimensional gauge theory argument [1][2].
For simplicity, we’ll take T2 = S × S′. S and S′ are circles with radius U and V ,
respectively. Let u and v denote the coordinates of S and S′ with (u ∼ u + 2πU, v ∼
v + 2πV ). We now can pull the tensor field ~H down to R3 by assuming
~H = Fdu/2πU + Fˇ dv/2πV + gdu ∧ dv + ∗f, (4.16)
where Fˇ = 12 Fˇijdx
i∧dxj(i = 1, 2, 3) stands for the electric 2-form on the three dimensional
space R3, and F = 12Fijdx
i ∧ dxj stands for the magnetic 2-form.
We’ll focus on the Fˇ and F fields. By substituting (4.16) into the Hamiltonian H and
integrating over T2, one can get
H =
1
4π
∫
R3
(
V
U
||F ||2 + U
V
||Fˇ ||2 + ....
)
, (4.17)
where ||F ||2 and ||Fˇ ||2 stand for F ∧ ∗F and Fˇ ∧ ∗Fˇ , respectively, and the ellipses refer to
terms involving other fields of the theory.
One can compare (4.17) with the Hamiltonian of four dimensional electro-magnetic
field. Here, we normalize the action of the electro-magnetic field as 1
e2
∫
( ~E2 − ~B2).
In terms of the canonical variables, the associated Hamiltonian is of the form H =∫
R3
(
e2 14
~P2 + 1e2
~B2
)
. Clearly, this Hamiltonian can be identified with (4.17) by setting
F = 1
2
Bijdx
i ∧ dxj , Fˇ
2π
= ∗(Pidxi) and identifying the electric coupling constant as
e2
4π
=
U
V
. (4.18)
From (4.16) and (4.18), one can see that the transformation u→ v v → −u acts as the S
duality of the four dimensional theory, which interchanges the magnetic field F with the
electric field Fˇ and maps the coupling constant e2 to g2,
e2 → g2 = (4π)2/e2. (4.19)
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Generalized To The Full Supersymmetrical Theory
To study the dimensional reduction of the 4-fermions ΨαA, one decomposes Ψ
α
A as
Ψ
(a,+1/2)
A ⊕Ψ(a˙,−1/2)A . One can then make the following identifications
i
2
∫
T2
dz ∧ dz
Imτ
Ψ
(a˙,− 1
2
)A
L(a˙,− 1
2
)(a,+ 1
2
)Ψ
(a,+ 1
2
)
A → χa˙ALa˙aχaA (4.20)
where, χaA and χ
A
a˙ are the chiral and anti-chiral fermions of the four-dimensional theory,
and L stands for some operator acting on the fermions. Since there is no real problem
for the Lagrangian description of the chiral fermions, we’ll not explicitly write down the
reduction in terms of the Hamiltonian, but write out the terms of action of χaA and χ
A
a˙
IF =
1
4π
∫
R3×R1
(
χa˙A∂a˙aχ
a
A
)
. (4.21)
These terms can be got by Lergende transforming the Hamiltonian got from the dimen-
sional reduction.
Now, we can study the action of S-duality on χaA and χ
A
a˙ by utilizing their six
dimensional origins that we have just explored. Firstly, by viewing (4.20), one can see
that χaA is roughly identified with Ψ
(a,+1/2)
A , and χ
A
a˙ is roughly identified with Ψ
(a˙,− 1
2
)A
.
One then notices that the transformations u → v, v → −u, dz → − 1
τ
dz, dz → − 1
τ
dz
imply a Spin(2) rotation exp(iφS) = −|τ |/τ . Under this rotation, dz → exp(iφS)dz,
dz → exp(−iφS)dz, and Ψ(a,+1/2)A → eiφS/2Ψ(a,+1/2)A , Ψ(a,−1/2)A → e−iφS/2Ψ(a,−1/2)A , thus
χaA → exp(+i
1
2
φS)χ
a
A
χAa˙ → exp(−i
1
2
φS)χ
A
a˙.
(4.22)
The full mapping class symmetries SL(2,Z) are generated by the S transformation,
which we have just investigated, and the T transformation τ → τ + 1 which is trivially
acting on these fermions. Thus, a general transformation τ → (aτ + b)/(cτ + d) must act
as
χaA →
( |cτ + d|
cτ + d
)1/2
χaA
χAa˙ →
( |cτ + d|
cτ + d
)1/2
χAa˙ .
(4.23)
This may be compared to the transformations of χaA and χ
A
a˙ under Montonen-Olive
dualities.
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We now turn to the dimension reduction of the tensor field and the scalar fields. One
first decompose H(αβ) as
+(1/
√
AT)
(
Fˇ ab+ dz/
√
τ + Fˇ a˙b˙− dz/
√
τ
)
−i(1/
√
AT)
(
F ab+
√
τ dz − F a˙b˙−
√
τdz
) (4.24)
plus the terms concerning the derivatives of an additional scalar field Φ, which is connected
with the one form g in (4.16) through g ∼ dΦ, with ∂ab˙Φ+ ∂a˙bΦ. The real condition now
tells us that F a˙b˙− and Fˇ
a˙b˙
− are the complex conjugations of F
ab
+ and Fˇ
ab
+ , respectively.
By substituting (4.24) into the Hamiltonian H (3.26), one has the terms concerning
the electro-magnetic fields of the resulting four dimensional theory
i
4π
∫
R3
(
τ ‖ F+ ‖2 − τ ‖ F− ‖2
)
− i
4π
∫
R3
(
1
τ
‖ Fˇ+ ‖2 −1
τ
‖ Fˇ− ‖2
)
,
(4.25)
where ‖ F+ ‖2 and ‖ F− ‖2 stand for F ab+ Fab+ and F a˙b˙− Fa˙b˙−, the meaning of the notations
‖ Fˇ± ‖2 are likewise. Comparing to the Hamiltonian of four dimensional U(1) gauge theory
one can see that F+, F− are the selfdual and anti-selfdual part of the magnetic field F ,
and Fˇ+, Fˇ− are the selfdual and anti-selfdual part of the electric field Fˇ . Thus, τ will be
identified as the complex coupling constant of the gauge theory
τ =
4πi
e2
+
θ
2π
, (4.26)
where θ is the theta angle. And, by noticing the decomposition (4.24), one will see that
the v → −u, u→ v transformation will exchange the electric field and the magnetic field
Fˇ+ ↔ τF+, Fˇ− ↔ τF−. (4.27)
Thus, this transformation can indeed be identified with the S-duality.
Now, we turn to the dimensional reduction of the scalars. We have five-scalars ΦAB
which transform as the 5 representation of Sp(2,H)R. The dimensional reduction of the
tensor fieldH(αβ) will give us an additional scalar ωABΦ as we have mentioned. The combi-
nation of ωABΦ and the previous five scalars forms the 6 representation of the R-symmetry
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SU(4)R ⊂ SL(4,C)R of the resulting four dimensional N = 4 gauge theory. Without con-
fusing, we’ll denote these scalars as ΦAB with the constraint equation ΦABω
AB = 0 now
dropped. These six scalars should satisfy the following real conditions
ΦAB =
1
2
ǫABCDΦ
CD
, (4.28)
where ǫABCD is the volume form of the complex space C
4
R
which represents SL(4,C)R.
The dimensional reduction of ΦAB is achieved through
i
2
(Imτ)−1
∫
dz ∧ dz ΦABΦAB →
Φ
AB
ΦAB . With an appropriate normalization, the corresponding terms of the Hamiltonian
concerning these scalars are
1
2π
∫
R3
(
Π
AB
ΠAB + ∂Φ
AB
∂ΦAB
)
. (4.29)
The mapping class symmetry u→ v, v → −u trivially acts on these scalars, ΦAB → ΦAB.
Now, we would like to transform the Hamiltonian, got from the dimensional reduction
of the six dimensional theory, into the action expressions, I = IF + IB. Here, IF of the
fermions has been written out (4.21), and IB of the bosonic fields can be written as
I =
∫
R3×R1
(
iτ
4π
F abFab − iτ
4π
F a˙b˙Fa˙b˙ +
1
4π
∂ab˙Φ
AB
∂ab˙ΦAB
)
, (4.30)
where the self dual part F ab of four-dimensional gauge field is F ab = F ab+ +
i
τ Fˇ
ab
+ , and
the anti-self dual part F a˙b˙ is F a˙b˙− − iτ Fˇ a˙b˙− . As one can see that I is indeed the action of
four-dimensional N = 4 U(1) gauge theory.
We have shown that the dimensional reduction on T2 of the quantum U(1) gerbe the-
ory exactly reproduce the Hamiltonian of four dimensional N = 4 super-symmetrical U(1)
gauge theory. And the mapping class symmetry of T2 is transmuted into the SL(2,Z)
duality of the four-dimensional N = 4 gauge theory. These results can be trivially gener-
alized to the case of TG Abelian gerbe theory, which is the low energy effective theory of
six-dimensional N = (2, 0) theory at a generic point of the moduli space R5r/WG. Thus,
by including the additional r scalars coming from the dimensional reduction of r H fields,
the reduced theory can be reasonably identified with the low energy effective theory of
four-dimensional N = 4 super-Yang-Mills theory at a generic point of the moduli space
R6r/WG. Further more, as it is well known that at the singularities of R
6r/WG some BPS
states with nontrivial magnetic-electric charges become massless, and the corresponding
theory becomes an interacting N = 4 superconformal field theory with some non-Abelian
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gauge group G′ ⊂ G. By noticing the matching between the superconformal symmetries of
the four-dimensional theory and of the six-dimensional theory, one naturally expects that
this four-dimensional interacting superconformal field theory may be the dimensional re-
duction of a six-dimensional QNG theory with the non-Abelian gerbe group G′ ⊂ G. The
symmetries are enhanced due to some BPS self-dual strings becoming tensionless at the
singularities. In next section, we will turn to investigate these self-dual string excitations,
which consist another ingredient of the QNG theory.
5. The Self-Dual Strings
In the present section, we’ll study the self-dual string excitations of the N = (2, 0)
theory and their tensionless limit. We’ll begin from the classical self-dual string solution
[39] of the Bogomolnyi equation, and then we’ll try to propose a world sheet N = (4, 4)
superconformal field theory to describe their long wavelength oscillations and their coupling
with the free tensor multiplets. We’ll argue that under the tensionless limit these self-dual
strings will become some objects moving in supertwisor space T̂, which should be discussed
in more details in the next section.
Bogomolnyi Equations And Self-Dual Strings
We begin from the Bogomolnyi equation that should be fulfilled by the configurations
of the BPS states,
δΨαA = 0⇔
(
1
2
H(αβ)ǫAβ + ∂
αβΦABǫ
B
β
)
= 0. (5.1)
Here, we have used the second equation of (3.3).
A straight self-dual string configurations will break the (1+5)-dimensional Lorentz
symmetry to SO(1, 1) × SO(4)⊥, where SO(1, 1) is generated by the boost along the
string and SO(4)⊥ is the rotation around it. Moreover, this self-dual string will also break
the R symmetry down to SO(4)R. Thus, the static configurations of such straight strings
are parameterized by the imbedding of SO(4)⊥ →֒ SO(5) (the spatial rotation group) and
SO(4)R →֒ SO(5)R.
To specify a static straight BPS string, one can pick out a SO(5)R ≃ Sp(2,H)R vector
ψAB – with ψABω
AB = 0, ψABψ
B
C = δ
A
C – and a spatial direction lαβ with lαβt
αβ =
0. Now, let the string lie along lαβ direction, and set the scalars to take the form of
ΦAB = ψABΦ which will break the SO(5)R symmetry down to SO(4)R, here Φ is a scalar
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function of lαβ, tαβ and the transverse coordinates x⊥. It is convenient to take the σ+, σ−
coordinates along the world sheet of the string, with σ+ = l+ t and σ− = l− t (l and t are
the vectors whose components are lαβ and tαβ , respectively). On these coordinates, the
SO(1, 1) boost acts as σ+ → eθσ+, σ− → e−θσ−.
Clearly, SO(4)⊥ preserves lαβ , and SO(4)R preserves ψAB. One then decomposes the
SO(1, 5) anti-chiral spinor ǫAα into ǫ
A
−,a⊕ǫA+,a˙ according to SO(1, 5)→ SO(1, 1)×SO(4)⊥,
where a, a˙ = 1, 2 are used to label the chiral and anti-chiral spinors of SO(4)⊥, and + (−)
labels the +1/2 (−1/2) weight of SO(1, 1). One can further decompose the tensor fields
H(αβ) into H
(ac)
+1 ⊕ H(a˙c˙)−1 ⊕ H a˙c, where the subscriptions +1 and −1 are the weights of
SO(1, 1) (H a˙c is invariant under SO(1, 1)). Thus (5.1) can be rewritten as
1
2
H
(ab)
+1 ǫ
A
−b + ǫ
ab∂+ΦψABǫ
B
−b = 0
1
2
H
(a˙b˙)
−1 ǫ
A
+b˙
+ ǫa˙b˙∂−ΦψABǫ
B
+b˙
= 0,
(5.2)
which are a pair of equations concerning the derivatives along the string world sheet. Here,
ǫab and ǫa˙b˙ are the symplectic forms of the SO(4)⊥ ⊂ SO(4,C) ≃ SL(2,C) ⊗ SL(2,C)
chiral and anti-chiral spinors, respectively, and we’ll use them to raise and lower the SO(4)⊥
spinor indexes. The decomposition of (5.1) also gives us a pair of equations concerning the
derivatives of the transverse coordinates,
1
2
H a˙bǫA−b + (∂
a˙bΦ)ψABǫ
B
−b = 0
1
2
H a˙bǫA+a˙ − (∂ a˙bΦ)ψABǫB+a˙ = 0 .
(5.3)
In getting these equations, we have used the decompositions of ∂αβ → ∂ a˙b⊕ǫab∂+⊕ǫa˙b˙∂−,
according to their representations under SO(1, 5)→ SO(1, 1)× SO(4)⊥.
For the static configurations, ∂+Φ = ∂−Φ = 0. If the considered configuration preserve
some supersymmetries, the pair of equations (5.2) will enforce H
(ab)
+1 vanish or H
(a˙b˙)
−1 vanish
or both. To satisfy the pair of equations (5.3), one set
H a˙b/2 = ∂ a˙bΦ . (5.4)
By substituting (5.4) into (5.3), one can get
ǫA−a + ψ
A
Bǫ
B
−a = 0
ǫA+a˙ − ψABǫB+a˙ = 0 .
(5.5)
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Combining the equations of motion ∂αβH
(βγ) = 0, (5.4) implies that Φ should be harmonic
function of x⊥, and can be solved as Φ(x⊥) = Φ0 +Q/πx
2
⊥, where Q is the charge of the
self-dual string, with limx⊥→∞
∫
S3(x⊥)
H
2π
=
∫
S3(x⊥)
⋆ H
2π
= Q, S3(x⊥) is the 3-dimensional
sphere surrounding the string at transversal radius |x⊥|.
World Sheet Theory Of The Self-Dual String
The 12 -BPS states correspond to the case of H
(ab)
+1 = 0, H
(a˙b˙)
−1 = 0 of the static con-
figurations. In this case, half of the super-symmetries that satisfy (5.5) can be preserved.
By viewing ψAB as γ
5
R
of the remaind R symmetry SO(4)R, one can take that the pre-
served super-symmetries as anti-chiral and chiral spinors of SO(4)R, with γ
5
R
ǫA˙−a = −ǫA˙−a,
γ5
R
ǫA+a˙ = ǫ
A
+a˙, where A, A˙ = 1, 2 are the indexes of SO(4)R chiral and anti-chiral spinors
(should not confuse with the indexes of 4-components of Sp(2,H)R which are labeled as
A). And the broken super-symmetries are ǫA−a and ǫ
A˙
+a˙.
We’ll denote the generators of the preserved supersymmetries as Ga
− 1
2
A˙
, and Ga˙
− 1
2
A
,
which are left-moving charges and right-moving charges along the string. Here the sub-
scription −1/2 is used to denote the 1/2 dimension of these supercharges.
Further more, we suppose that the global superconformal group of the IR supercon-
formal field theory, describing the long wavelength oscillating of the string world sheet, is
given by the dimensional reduction of OSp(2, 6|2) ⊂ OSp(8|4,C). Thus, the world sheet
IR theory is a N = (4, 4) superconformal field theory. Its global superconformal group is
PSU(1, 1|2) ⊂ PSL(2|2,C) →֒ OSp(8|4,C) ⊃ OSp(2, 6|2). Here we are focusing on the
left-moving part of this superconformal field theory, the investigation to the right-moving
part is quite similar, and we will leave it to the reader. In this reduction, the SU(2) R-
symmetry group of PSU(1, 1|2) is identified as SU(2)L
R
⊂ SO(4)R →֒ SO(5)R acting on
the left-moving modes, and the SU(2) exterior automorphism of the algebra of PSU(1, 1|2)
is identified as SU(2)L⊥ ⊂ SO(4)⊥. We’ll denote the generators of SU(2)LR as RA˙B˙, which
is the reduction of R(AB). The reduction of the S-charges give us the dimension −1/2
fermionic generators Ga
+ 1
2
A˙
, with the G−G anti-commutators
{Ga
− 1
2
A˙
, Gc
+ 1
2
B˙
} = ǫacǫA˙B˙L0 + ǫacRA˙B˙, (5.6)
where L0 is the dimension 0 generator of the left-moving conformal group SL(2,R).
The localization, on the string, of the broken left moving fermionic transformations
ǫA˙+a˙ gives out 4-fermionic left moving fields ψ
A˙
a˙, and ∂xa˙a are their super-partners. Also,
the broken right moving fermionic transformations ǫA−a give us ∂xa˙a and ψ˜
A
a. These fields
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localize on the self-dual string and form the collective coordinates describing its long scale
oscillations. Now, we can write out the most simple possible action of the world sheet
theory,
I =
1
4π
∫
Σ
|Φ0|
(
∂xa˙a∂xa˙a + ψ
a˙
A˙
∂ψA˙a˙ + ψ˜
a
A∂ψ˜
A
a
)
, (5.7)
where the string tension Φ0 is the expectation value of Φ at the infinity of the string, and
we have rotated the world sheet coordinates into complex coordinates z, z with σ+ → z,
σ− → z. This is a c = 6 N = (4, 4) superconformal field theory with level k = 1 current
algebra RA˙B˙(z). One can work out the explicit expressions of virous currents, for example,
the left-moving supercurrents are given by
Ga
A˙
(z) = |Φ0|∂xa˙aψa˙A˙(z). (5.8)
And one can calculate the OPE of these currents, for example, the G−G OPE is
Ga
A˙
(z)Gb
B˙
(0) ∼ 2
z3
ǫabǫA˙B˙ + ǫ
abǫA˙B˙
1
z
T (0)
+ ǫab
2
z2
RA˙B˙(0) + ǫ
ab 1
z
∂RA˙B˙(0).
(5.9)
The interactions between the self-dual string and the free tensor multiplets can be
given by calculating the correlations of various appropriate operators inserted in the path
integration of the world sheet theory. The operators that correspond to the incident
waves of the tensor field are exp(i|Φ0|−1
∫
Σ
H a˙cxa˙c), exp(i|Φ0|−1/2
∫
Σ
H(ac)ψ˜aAψ˜
A
c), or
exp(i|Φ0|−1/2
∫
Σ
H(a˙c˙)ψa˙Aψ
A
c˙) according to their polarizations. The operators that corre-
spond to the incident waves of ΨαA are exp(i|Φ0|−3/4
∫
Σ
ΨaAψ˜
A
a), exp(i|Φ0|−3/4
∫
Σ
Ψa˙
A˙
ψA˙a˙),
and exp(i|Φ0|−1/4
∫
Σ
Ψa
A˙
ψA˙a˙∂xa˙a), exp(i|Φ0|−1/4
∫
Σ
Ψa˙Aψ
aA∂xa˙a), where we have decom-
posed the incident waves of ΨαA as Ψ
a
A ⊕ Ψa˙A˙ ⊕ ΨaA˙ ⊕ Ψa˙A. And the operators that
correspond to the incident waves of the scalars can be discussed likewise.
Now, we want to understand the tensionless limit |Φ0| → 0 of the self-dual string.
The author did not have a clear idea about how to take this limit appropriately. But there
are some clues that may be notable. Firstly, by noticing the imbedding PSL(2|2,C) →֒
OSp(8|4,C) that we have defined, especially by noticing the actions of the R-symmetries,
one can see that the world sheet N = (4, 4) superconformal field theory may be identified
as the IR conformal field theory of the Coulomb branch of some vector and hypermul-
tiplets with N = (4, 4) supersymmetry. Thus, one may try to identify the tensionless
limit of the world sheet theory with the IR conformal field theory of the Higgs branch,
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with the transverse rotation SO(4)⊥ ≃ SU(2)L⊥⊗SU(2)R⊥ acting as the R-symmetry. The
situation is quite similar with the Matrix-String proposal [41] describing the dynamics
of IIA NS5 branes (little string theory). But, in the present situation, the tensionless
strings cannot move along the space-time since the transverse rotations act as the R-
symmetries. Furthermore, as we have argued in last section that under taking the ten-
sionless string limit, we will have the full QNG theory which realizes the superconformal
symmetry OSp(2, 6|2) ⊂ OSp(8|4,C). Thus, we naturally expect that the world sheet
theory should be explicitly OSp(2, 6|2) ⊂ OSp(8|4,C) invariant. A conjecture is that these
tensionless strings are in fact moving in the supertwistor space T̂ of OSp(8|4,C).
6. Toward A Formulation In Supertwistor Space
We now try to unify the various elements that we have investigated in the previous
sections into a unique framework to formulate the QNG theory in terms of the variables of
supertwistor space. We haven’t finished this program, but some results may be notable. In
this section, we’ll construct the supertwistor space P̂T corresponding to the QNG theory,
and implement the superconformal symmetry U∗Sp(4|2,H) ⊂ OSp(8|4,C) in it. We’ll
then encode the information of the full free tensor multiplet into a superfield Ψ in P̂T,
by utilizing the Penrose transformation. And we’ll propose a super-twistor space effective
action of the Ψ field.
Some speculations concerning the possible non-Abelian generalization and the super-
twistor formulation of the QNG theory are also presented in this section.
6.1. The Twistor and Supertwistor Space
Twistor Space And Conformal Symmetry
We can construct the twistor space T of the (1 + 5)-dimensional spacetime W as
follows. Firstly, we complexify W as W. We then conformally compactify W as the
standard quadric Q of the 7-dimensional complex projective space P of 8-dimensional
vector space V. In terms of the homogeneous coordinates vI{I = 1, 2...8} of P, Q can be
given as
(v1)2 + (v2)2 + ...+ (v8)2 = 0. (6.1)
The subgroup of the automorphism of P that preserves Q is Spin(8,C), which is the
complexification of the conformal symmetry Spin(2, 6).
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On the local patch W of Q, one can take the local coordinates {xµ, µ = 1, 2..., 6}.
To see the action of Spin(8,C) on these local coordinates explicitly, we set u = v7 + iv8,
v = v7 − iv8, and rewrite the equation (6.1) as
(v1)2 + (v2)2 + ...+ (v6)2 + uv = 0. (6.2)
Let W be the u 6= 0 local patch, and let the local coordinates xµ be xµ = vµ/u. In terms
of these coordinates, W can be described as x2 + u/v = 0.
On W, the generator i(v7 ∂∂v8 −v8 ∂∂v7 ) = −(u ∂∂u −v ∂∂v ) of the rotation in {7, 8} plane
acts as D = −x · ∂∂x . And the symmetry subgroup Spin(6,C) that commutes with D acts as
the complexified Lorentz group ofW. Finally, the translation Pµ and the special conformal
translation Kµ can be determined as Pµ = (u
∂
∂vµ
− 2vµ ∂∂v ) and Kµ = (v ∂∂vµ − 2vµ ∂∂u ).
Obviously, [D,Pµ] = Pµ, [D,Kµ] = −Kµ.
The twistor space T is the 8-dimensional complex space S+ of the chiral spinors of
Spin(8,C). The associated 7-dimensional projective space PT is the associated projective
twistor space. One can equip T with a symmetrical quadratic form (φ, φ′)T that preserves
Spin(8,C), where φ ∈ T and φ′ ∈ T are two arbitrary chiral spinors of Spin(8,C). This de-
termines a 6-dimensional quadric Q in projective twistor space PT, with φσ ∈ Q satisfying
(φ, φ)T = 0.
The standard correspondence between Q and Q (due to the triality of Spin(8,C)) tells
us that the points of complex spacetimeQ are parameterizing the 3-plane in twistor quadric
Q (notice that any 6-dimensional complex quadric contains 3-plane) and the 3-planes in
Q are parameterized by the points of Q.
We now decompose the chiral spinor φσ into µα and λ
α according to the different
eigenvalues under D, φσ = (λα, µβ), where
[D, λα] =
1
2
λα, [D, µα] = −1
2
µα. (6.3)
And under this decomposition the quadratics Q will be described as
λαµα = 0. (6.4)
Under the action of the Spin(6,C), λα transforms as a chiral spinor, while µα transforms
as an anti-chiral spinor. (6.3) indicates that the dilation generator D should act as
D =
1
2
(
λα
∂
∂λα
− µα ∂
∂µα
)
. (6.5)
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The relationship between W and the twistor quadric Q′ can be explicitly formulated
as a generalized Penrose equation
µα + xαβλ
β = 0. (6.6)
By noticing that the αβ indexes of xαβ are antisymmetric, one can easily see that for
a given xµ, (6.6) satisfies (6.4) automatically. This means that the 3-plane Dx of PT
described by (6.6) are in fact the 3-plane of twistor quadric Q′. On the other hand, given
(λα, µα) fixed, the correspond xαβ is determined by (6.6) up to a shift Vαβ that satisfies
Vαβλ
β = 0. (6.7)
This equation always have three linear independent solutions since any chiral spinor λα of
Spin(6,C) is a pure spinor. Thus, any point (λα, µβ) of Q corresponds to a 3-plane of Q,
such a 3-plane can be named as a α-plane, in terms of the terminology of twistor theory.
By utilizing (6.6), one can write out the expressions of the other generators of the
conformal symmetry group in terms of the twistor coordinates. For examples,
Pαβ = λα
∂
∂µβ
− λβ ∂
∂µα
,
Kαβ = µα
∂
∂λβ
− µβ ∂
∂λα
.
(6.8)
The Spin(6,C) rotations act as
Jαβ =
(
λα
∂
∂λβ
− µβ ∂
∂µα
)
− 1
4
δαβ
(
λδ
∂
∂λδ
− µδ ∂
∂µδ
)
. (6.9)
To return to the real (1 + 5)-dimensional spacetime W, one should impose an appro-
priate real structure τ on the twistor quadric Q. The action of τ can be explicitly written
as
τ : λα → λ˜α = ταβλ
β
, µα → µ˜α = τ βα µβ. (6.10)
By using Penrose equation (6.6), one can get the action of τ on xαβ. All the xαβ that
commute with τ form the real slice W of the complex spacetime Q. In terms of the
homogeneous coordinates, W is described by
−(v1)2 + (v2)2 + ...+ (v7)2 − (v8)2 = 0. (6.11)
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Supertwistor
To generalize above construction of the twistor space Q to the super-symmetrical case,
with the super-conformal symmetry group OSp(2, 6|2), we will introduce four fermionic
homogenous coordinates ψA to the C4
R
, which appear in section 3. The construction in
section 3 indicates that ψA transforms as the 4 representation under Sp(2,H)R.
The full super-twistor space T̂ now can be constructed as the super-linear space C8|4
whose bosonic part is coordinated as (λα, µβ) and whose fermionic part is coordinated as
ψA. The projective space of T̂ is denoted as P̂T. The correspond super-twistor quadric Q̂
can be given as
λαµα +
1
2
ψAψA = 0. (6.12)
Besides the previous generators (6.5),(6.8),(6.9), there are some additional generators
that preserve (6.12). The additional bosonic generators are RAB = ψ
A ∂
∂ψB
− ψB ∂∂ψA , the
additional fermionic Q-generators are
QαA = ψA
∂
∂µα
+ λα
∂
∂ψA
, (6.13)
and the additional fermionic S-generators are SαA = µα
∂
∂ψA
−ψA ∂∂λα . Here, we have used
the same symbols for the superconformal generators and the generators of the super-twistor
symmetries since we’ll identified them in what follows.
Such an identification can be achieved by generalizing the Penrose equation (6.6) to
the fermionic coordinates
ψA + θAαλ
α = 0, (6.14)
as one can see by comparing (6.13) to (3.4).
Given θAα satisfying the symplectic-Majorana condition, (6.14) is preserved by the
real structure τ̂ which acts as ψA → ψ˜A = ωABψB, λα → λ˜α, µα → µ˜α. Clearly, τ̂
preserves the twistor quadric Q̂. This gives a natural real structure to P̂T that gives
out the real superspace of the 5 + 1 dimensional spacetime. And the RAB generators
that commute with this real structure naturally give out R(AB). Hence, we get the full
OSp(2, 6|2) superconformal symmetries from the supertwistor space Q̂.
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6.2. Towards A Formulation Of The QNG Theory
Encoding The Tensor Multiplet
Having constructed the supertwistor space of the N = (2, 0) super-conformal field
theory, we now try to transform the free tensor multiplet into twistor space by using the
six-dimensional Penrose transformation, which has been developed in [42][43].
According to the Penrose transformation, solutions of the wave equations for helicity
h are equivalent to the element of the sheaf cohomology group H3(Q′,O(−2h − 4)). To
employ it, one picks out an element g(λ, µ) of H3(Q′,O(−2h− 4)), restricts g(λ, µ) to be
an element of the restricted cohomology group H3(Dx,O(−2h− 4)) for a fixed spacetime
point x, and notices the natural measurement µ(D) on the 3-plane Dx, with µ(D) =
ǫαβγδλ
αdλβ ∧ dλγ ∧ dλδ = 〈λ, dλ, dλ, dλ〉. The Penrose transformations can then be given
out by appropriate contour integrations over Dx.
Now, we apply the Penrose transformation to the linear equations of motion of the
tensor multiplet that we have studied in section 3. For the five scalars, g(λ, µ) can be
written as ΦAB(λ, µ) ∈ H3(Q′,O(−4)), with
ΦAB(x) =
1
(2πi)3
∫
Dx
µ(D) ·ΦAB(λ, µ) . (6.15)
As an example, we set ΦAB(λ, µ) ∼ ωAB〈λ1, λ2, λ3, λ4〉 /[(µ, λ1)(µ, λ2)(µ, λ3)(µ, λ4)] ∈
H3(Q′,O(−4)), where λ1, λ2, λ3, λ4 are four different chiral spinors of PT, 〈λ1, λ2, λ3, λ4〉 =
ǫαβγδλ
α
1λ
β
2λ
γ
3λ
δ
4. By performing the contour integration we can get [43]
ΦAB(x) =
∫
Dx
〈λ, dλ, dλ, dλ〉
(2πi)3
〈λ1, λ2, λ3, λ4〉
(µ, λ1)(µ, λ2)(µ, λ3)(µ, λ4)
ωAB ∼ 1|x|4ωAB , (6.16)
which is a wave function ΦAB(x) on spacetime W, with a delta function source supported
on the origin.
For the chiral fermion ΨαA, we need to decompose it into the +1/2 helicity part Ψ
α
+A
and the −1/2 helicity part Ψα−A as we have done in section 3.1. For the positive helicity
part, the Penrose transformation can be simply given as
Ψα+A(x) =
1
(2πi)3
∫
Dx
µ(D) · λαΨ+A(λ, µ), (6.17)
where Ψ+A(λ, µ) ∈ H3(Q′,O(−5)) is the correspond twistor wave function. To get the
Penrose transformation of the negative helicity part Ψα−A, one notices that on Dx the
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plane wave λ˜α exp(i12λ
α ∧ λ˜βxαβ) can be rewritten as λ˜α exp(µβ λ˜β) ∼ (∂/∂µα) exp(µβλ˜β)
by using the Penrose equation (6.6) . Thus, the Penrose transformation can be written as
Ψα−A(x) =
1
(2πi)3
∫
Dx
µ(D) · ∂
∂µα
Ψ−A(λ, µ), (6.18)
where the twistor wave function Ψ−A(λ, µ) is an element of H
3(Q′,O(−3)).
Quite similar arguments will convince us that the Penrose transformations for the
chiral tensor field H(αβ) should be given as follows. Firstly, the transformations for the
+1 helicity part H
(αβ)
+ and −1 helicity part H(αβ)− can be written as
H
(αβ)
+ (x) =
1
(2πi)3
∫
Dx
µ(D) · λαλβH+(λ, µ)
H
(αβ)
− (x) =
1
(2πi)3
∫
Dx
µ(D) · ∂
∂µα
∂
∂µβ
H−(λ, µ),
(6.19)
where the twistor wave functionsH+(λ, µ) andH−(λ, µ) are the elements ofH
3(Q′,O(−6))
and H3(Q′,O(−2)), respectively. Secondly, the Penrose transformation of the helicity 0
part H
(αβ)
0 can be written as
H
(αβ)
0 (x) =
1
(2πi)3
∫
Dx
µ(D) ·
(
λα
∂
∂µβ
+ λβ
∂
∂µα
)
H0(λ, µ), (6.20)
where H0(λ, µ) ∈ H3(Q′,O(−4)).
Now, we can encode the full free tensor multiplet as a superfield Ψ defined on the
supertwistor space P̂T,
Ψ = H− + ψ
AΨ−A +
1
2
ψAψAH0 +
1
2
ψAψBΦAB
+
1
3!
ǫABCDψ
AψBψCΨD+ +
1
4!
ǫABCDψ
AψBψCψDH+.
(6.21)
Clearly, Ψ(φ, ψ) is an element of the cohomology group H3(P̂T
′
,O(−2)). By viewing the
sheaf cohomology group H3(P̂T
′
) as the ∂ cohomology group H3
∂
(P̂T
′
), one can identify
the wave function Ψ as a (0, 3) form on P̂T.
There is a natural holomorphic measure Ω̂ = φ1dφ2∧dφ2∧...∧dφ8∧dψ1∧dψ2∧...∧dψ4
on P̂T. Ω̂ takes value in the line bundle O(4) since under (φ, ψ)→ t(φ, ψ), t ∈ C∗, Ω̂→ t4Ω̂.
Thus, at the linear level, one can write out a well defined effective action for the twistor
wave function Ψ,
IΨ =
1
2
∫
P̂T
Ω̂ ∧ (Ψ∂Ψ) . (6.22)
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Towards A Super-twistor Formulation Of The QNG Theory
We now suppose that for the non-Abelian cases with non-Abelian gerbe group
G = U(N) ⊂ GC = GL(N,C) the correspond supertwistor wave function Ψ (which is
a (0, 3) form) takes value in ad(E) ⊗ O(−2), where ad(E) denotes the adjoint bundle of
the GL(N,C) holomorphic vector bundle E → P̂T.
One may generalize (6.22) to 12
∫
P̂T
Ω̂ ∧ Tr (Ψ∂Ψ), but this cannot be the correct
action since it is essentially a linear theory (and we have known that the QNG can not be
a linear theory). To cure this problem, the simplest thing that we can do is to introduce
a (0, 1) connection A which takes value in ad(E) ⊗ O, and generalize the effective action
IΨ to some IΨ,A. One of the terms of IΨ,A, that corresponds to the term of IΨ, may be
1
2
∫
P̂T
Ω̂ ∧ Tr (Ψ∂AΨ) , (6.23)
where ∂AΨ = ∂Ψ+ [A,Ψ] . The equation of motion of Ψ will give us ∂AΨ = 0, which will
define an element of H3(P̂T
′
, ad(E) ⊗ O(−2)). And one may need to study holomorphic
3-planes D̂ (and integrate over the moduli space of them) of P̂T, with additional terms
1
2
∫
D̂
µ(D̂) ∧ Tr (A∂A+ 2
3
A ∧A ∧A) . (6.24)
Here, µ(D̂) is the natural holomorphic measure on D̂, which takes value in the holomorphic
line bundle O of P̂T. One can get the equation of motion ∂A+A ∧A = 0, which defines
an element of H1(D̂, ad(E)⊗O) on each holomorphic 3-plane.
The investigation in section 5 tells us that the contributions of A may come from the
objects that correspond to the tensionless strings. Presently, the author is totally ignorant
to these potential objects.
To shed light on this obscure situation, trying to extract out the twistor string theory
– proposed to capture the perturbative structure of N = 4 super-Yang-Mills theory – from
some known aspects of the super-twistor formulation for the QNG theory may be desired,
since the four-dimensional theory has a natural QNG theory origin as we have seen in
section 4 . The similarity between Hodges’s momentum-twistor coordinates (Zα,Wβ),
introduced in [44] to cure the problem of spurious poles in gauge-theoretical scattering
amplitudes, and our twistor coordinates (λα, µβ) may suggest some interesting connections,
we’ll leave it to the future [45] .
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